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1 Overview
There has been a wealth of recent work deriving optimal monetary policy for
both closed and open economies utilising New Classical Keynesian Synthesis
models where the structural model of the economy and the description of policy
makers’ objectives are consistently microfounded (see for example, Woodford
(2003) for a comprehensive treatment of the closed economy case, and Clarida
et al (2001) for its extension to the open economy case.). The use of such a
policy framework to evaluate fiscal policy in the context of monetary union has
been less extensive, although there are some notable exceptions1 which tend to
examine such policies within 2 country models. One possible reason for this is
the difficulty in deriving a tractable model of multiple fiscal actors acting un-
der a single monetary authority without getting bogged down in the strategic
interactions of policy makers. A recent model which tries to overcome these
difficulties is due to Gali and Monacelli (2004) (henceforth GM), where they
consider a model of a monetary union which is not made of simply 2 economies,
but of a continuum of economies. This has a number of advantages aside from
realism. Firstly, it means that it is reasonable to consider economies which set
policy without regard to other union members (provided any jointly imposed
restrictions on policy, such as the Stability and Growth Pact are satisfied). This
seems reasonable in the context of a monetary union with 12 members, and
more hoping to join. It also means that optimal policy can be described from
the point of view of a small open economy operating within a monetary union
without the need to model strategic interactions arising from policy spillovers.
Furthermore, the analytical derivation of utility-based welfare measures is, un-
der certain conditions, relatively tractable.
In GM, the only source of inertia is in price-setting (wages are flexible),

there is no government debt and the only fiscal instrument available to policy
makers is government spending. We extend GM in a number of significant ways.
Firstly we assume that households supply differentiated labour to monopolisti-
cally competitive firms. This allows us to model nominal inertia in wage setting
(as well as price setting) through the device of Calvo (1983) contracts. In our
extensions, we also introduce income and sales taxes and allow for the possibil-
ity that there is no non-distortionary fiscal instrument available to balance the
budget i.e. we allow for government debt. We derive a quadratic approximation
to welfare for this model with which to evaluate alternative policies.
Within this framework we derive optimal commitment policies for both the

small open economy and a member of monetary union. In a series of simulations
we contrast these optimal commitment policies with optimal discretionary policy
utilising alternative sets of fiscal policy instruments. We assess to what extent
lags in implementing fiscal policy changes affect the ability of fiscal instruments
to act as effective stabilisation tools. Finally we assess the extent to which debt
sustainability issues impinge on the ability of national fiscal authorities to use

1Notable papers modelling fiscal policy within a monetary union using a New Neo-Classical
Keynesian Synthesis model with a utility consistent measure of welfare include, Sutherland
(2004) and Beetsma and Jensen (2004).
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fiscal instruments as a stabilisation device.
Our next section derives the model. Section 3 outlines the social planner’s

problem such that we can write our model in ‘gap’ form. This representation of
the model can also be used to derive a quadratic approximation to welfare. In
section 4 we derive the optimal pre-commitment policies for the open economy
and for a continuum of economies participating in monetary union. Section
5 simulates such economies to quantify the relative contribution of alternative
fiscal instruments to macroeconomic stability. In this section we also consider
the importance of implementation lags in relation to fiscal variables. Finally, in
section 6, we introduce debt, derive the optimal policy under commitment and
assess the extent to which fiscal sustainability issues affect a fiscal authority’s
ability to compensate for the lack of the monetary policy instrument under
EMU.

2 The Model
This section outlines our model. As noted above this is similar in structure
to GM, but we allow for the existence of sticky wages as well as prices and
introduce distortionary sales and income taxes. The model is further extended
by introducing government debt in section 6.

2.1 Households

There are a continuum of households of size one, who differ in that they pro-
vide differentiated labour services to firms in their economy. However, we shall
assume full asset markets, such that, through risk sharing, they will face the
same budget constraint and make the same consumption plans even if they face
different wage rates due to stickiness in wage-setting. As a result the typical
household will seek to maximise the following objective function,

E0

∞X
t=0

βtU(Ct, N(k)t,Gt;χt) (1)

where C,G and N are a consumption aggregate, a public goods aggregate, and
labour supply respectively, and χ is a shock. Here the only notation referring
to the specific household, k, indexes the labour input, as full financial markets
will imply that all other variables are constant across households.
The consumption aggregate is defined as

C =
C1−αH Cα

F

(1− α)(1−α)αα
(2)

where, if we drop the time subscript, all variables are commensurate. CH is a
composite of domestically produced goods given by

CH = (

Z 1

0

CH(j)
ε−1
² dj)

²
²−1 (3)
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where j denotes the good’s type or variety. The aggregate CF is an aggregate
across countries i

CF = (

Z 1

0

C
η−1
η

i di)
η

η−1 (4)

where Ci is an aggregate similiar to (3). Finally the public goods aggregate is
given by

G = (

Z 1

0

G(j)
ε−1
² dj)

²
²−1 (5)

which implies that public goods are all domestically produced. The elasticity of
substitution between varieties ² > 1 is common across countries. The parameter
α is (inversely) related to the degree of home bias in preferences, and is a natural
measure of openness.
The budget constraint at time t is given byZ 1

0

PH,t(j)CH,t(j)dj +

Z 1

0

Z 1

0

Pi,t(j)Ci,t(j)djdi+Et{Qt,t+1Dt+1} (6)

= Πt +Dt +WtN(k)t(1− τ t)− Tt

where Pi,t(j) is the price of variety j imported from country i expressed in
home currency, Dt+1 is the nominal payoff of the portfolio held at the end of
period t, Π is the representative household’s share of profits in the imperfectly
competitive firms, W are wages, τ is an wage income tax rate, and T are lump
sum taxes. Qt,t+1 is the stochastic discount factor for one period ahead payoffs.
Households must first decide how to allocate a given level of expenditure

across the various goods that are available. They do so by adjusting the share
of a particular good in their consumption bundle to exploit any relative price dif-
ferences - this minimises the costs of consumption. Optimisation of expenditure
for any individual good implies the demand functions given below,

CH(j) = (
PH(j)

PH
)−²CH (7)

Ci(j) = (
Pi(j)

Pi
)−²Ci (8)

where we have price indices given by

PH = (

Z 1

0

PH(j)
1−²dj)

1
1−² (9)

Pi = (

Z 1

0

Pi(j)
1−²dj)

1
1−² (10)

It follows that Z 1

0

PH(j)CH(j)dj = PHCH (11)Z 1

0

Pi(j)Ci(j)dj = PiCi (12)
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Optimisation across imported goods by country implies

Ci = (
Pi
PF
)−ηCF (13)

where

PF = (

Z 1

0

P 1−ηi di)
1

1−η (14)

This implies Z 1

0

PiCidi = PFCF (15)

Optimisation between imported and domestically produced goods implies

PHCH = (1− α)PC (16)

PFCF = αPC (17)

where
P = P 1−αH Pα

F (18)

is the consumer price index (CPI). The budget constraint can therefore be
rewritten as

PtCt +Et{Qt,t+1Dt+1} = Dt +WtN(k)t(1− τ t)− Tt (19)

2.1.1 Households’ Intertemporal Consumption Problem

The first of the households intertemporal problems involves allocating consump-
tion expenditure across time. For tractability assume (following GM) that (1)
takes the specific form

E0

∞X
t=0

βt(lnCt + χt lnGt −
(N(k)t)

1+ϕ

1 + ϕ
) (20)

In addition, assume that the elasticity of substitution between the baskets of
foreign goods produced in different countries is η = 1 (this is equivalent to
adopting logarithmic utility in the aggregation of such baskets).
We can then maximise utility subject to the budget constraint (19) to obtain

the optimal allocation of consumption across time,

β(
Ct
Ct+1

)(
Pt
Pt+1

) = Qt,t+1 (21)

Taking conditional expectations on both sides and rearranging gives

βRtEt{(
Ct
Ct+1

)(
Pt
Pt+1

)} = 1 (22)
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where Rt = 1
Et{Qt,t+1} is the gross return on a riskless one period bond paying

off a unit of domestic currency in t+ 1. This is the familiar consumption Euler
equation which implies that consumers are attempting to smooth consumption
over time such that the marginal utility of consumption is equal across periods
(after allowing for tilting due to interest rates differing from the households’
rate of time preference).
A log-linearised version of (22) can be written as

ct = Et{ct+1}− (rt −Et{πt+1}− ρ) (23)

where lowercase denotes logs (with an important exception for g noted below),
ρ = 1

β − 1, and πt = pt − pt−1 is consumer price inflation.

2.1.2 Households’ Wage-Setting Behaviour

We now need to consider the wage-setting behaviour of households. We assume
that firms need to employ a CES aggregate of the labour of all households in
the domestic production of consumer goods. This is provided by an ‘aggregator’
who aggregates the labour services of all households in the economy as,

N =

∙Z 1

0

N(k)
²w−1
²w dk

¸ ²w
²w−1

(24)

where N(k) is the labour provided by household k to the aggregator. Accord-
ingly the demand curve facing each household is given by,

N(k) =

µ
W (k)

W

¶−²w
N (25)

where N is the CES aggregate of labour services in the economy which also
equals the total labour services employed by firms,

N =

Z 1

0

N(j)dj (26)

Where N(j) is the labour employed by firm j. The price of this labour is given
by the wage index,

W =

∙Z 1

0

W (k)1−²wdk

¸1−²w
(27)

The household’s objective function for the setting on its nominal wage is given
by,

Et

Ã ∞X
s=0

(θwβ)
s

∙
Λt+s

W (k)t
Pt+s

(1− τ t+s)N(k)t+s −
(N(k)t+s)

1+ϕ

1 + ϕ

¸!
(28)

where Λt+s = C
−1
t+s is the marginal utility of real post-tax income and N(k) =³

W (k)
W

´−²w
N is the demand curve for the household’s labour. The first-order
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condition is therefore given by,

Et

⎛⎜⎝ ∞X
s=0

(θwβ)
s

⎡⎢⎣ Λt+sP−1t+s
³
W (k)t
Wt+s

´−²w
(1− τ t+s)Nt+s(1− ²w)

+²w

³
W (k)t
Wt+s

´−²w(1+ϕ)
N
(1+ϕ)
t+s

⎤⎥⎦
⎞⎟⎠ = 0 (29)

Using the condition,

βs
µ
Ct
Ct+s

¶µ
Pt
Pt+s

¶
= Qt,t+s (30)

this can be rewritten as,

Et

Ã ∞X
s=0

(θw)
s

∙
Qt,t+sW

²w
t+sNt+s(W (k)

−²w
t (1− τ t+s)

−µwCt+sPt+sW (k)
−²w(1+ϕ)−1
t Nϕ

t+sW
ϕ²w
t+s

¸!
= 0 (31)

where µw =
²w
²w−1 is the mark-up for wage-setting. Solving for the optimal wage,

W
−1−ϕ²w
t =

Et
¡P∞

s=0(θw)
s
£
Qt,t+sW

²w
t+sNt+s(1− τ t+s)C

−1
t+sP

−1
t+s

¤¢
Et

³P∞
s=0(θw)

s
h
Qt,t+sµwW

²w(1+ϕ)
t+s N1+ϕ

t+s

i´ (32)

whereW denotes the wage chosen by all households that were able to renegotiate
wages in period t. Note that when θw = 0 then wages are flexible and this
condition reduces to,

(1− τ)

µ
W

P

¶
= µwN

ϕC (33)

which is the coventional labour supply decision (after allowing for the fact that
households have market power in setting wages). The wage index evolves ac-
cording to the following law of motion,

Wt =
h
(1− θw)W

(1−²w)
t + θwW

1−²w
t−1

i 1
1−²w (34)

where W t is the optimal nominal wage set by those households that were able
to do so in period t according to equation (32). These can be combined into a
form of New Keynesian Phillips curve for wage inflation, as shown in Appendix
1 which yields a log-linearised expression for wage-inflation dynamics,

πwt = βEtπ
w
t+1+

(1− θwβ)(1− θw)

(1 + ϕ²w)θw
(ϕnt−wt+ct+pt−ln(1−τ t)+ln(µw)) (35)

Note that the forcing variable in the NKPC is a log-linearsed measure of the
extent to which wages are not at the level implied by the labour supply decision
that would hold under flexible wages.
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2.2 Price and Exchange Rate Identities

The bilateral terms of trade are the price of country i’s goods relative to home
goods prices,

Si =
Pi
PH

(36)

The effective terms of trade are given by

S =
PF
PH

(37)

= exp

Z 1

0

(pi − pH)di (38)

Recall the definition of consumer prices,

P = P 1−αH Pα
F (39)

using the definition of the effective terms of trade this can be rewritten as,

P = PHS
α (40)

or in logs as
p = pH + αs (41)

where s = pF − pH is the logged terms of trade. By taking first-differences it
follows that,

πt = πH,t + α(st − st−1) (42)

There is assumed to be free-trade in goods, such that the law of one price
holds for individual goods at all times. This implies,

Pi(j) = εiP
i
i (j) (43)

where εi is the bilateral nominal exchange rate and P ii (j) is price of county i’s
good j expresed in terms of country i’s currency. Aggregating across goods this
implies,

Pi = εiP
i
i (44)

where P ii =
³R 1

0
P ii (j)

1−²dj
´ 1
1−²
.

From the definition of PF we have,

PF = (

Z 1

0

P 1−ηi di)
1

1−η (45)

= (

Z 1

0

¡
εiP

i
i

¢1−η
di)

1
1−η (46)

In log-linearised form,

pF =

Z 1

0

(ei + p
i
i)di (47)

= e+ p∗ (48)
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where e =
R 1
0
eidi is the log of the nominal effective exchange rate, pii is the

logged domestic price index for country i, and p∗ =
R 1
0
piidi is the log of the

world price index. For the world as a whole there is no distinction between
consumer prices and the domestic (world) price level.
Recall the definition of the terms of trade and using the result just obtained,

s = pF − pH (49)

= e+ p∗ − pH (50)

Now consider the link between the terms of trade and the real exchange
rate. (Note that although we have free trade and the law of one price holds for
individual goods, our economies do not exhibit PPP since there is a home bias
in the consumption of home and foreign goods. PPP only holds if we eliminate
this home bias and assume α = 1 since this implies that the share of home goods
in consumption is the same as any other country’s i.e. infinitesimally small.)
The bilateral real exchange rate is defined as,

Qi =
εiPi
P

(51)

where Pi and P are the two countries respective CPI price levels. In logged
form we can defined the real effective exchange rate as,

qt =

Z 1

0

(ei + p
i − p)di (52)

= e+ p∗ − p (53)

= s+ pH − p (54)

= (1− α)s (55)

2.3 International risk sharing

Assume symmetric initial conditions (e.g. zero net foreign assets etc) and recall
the first-order condition for consumption,

β
C−1t+1
Pt+1

=
C−1t
Pt

Qt,t+1 (56)

Since financial markets are complete, a similar condition must exist in the foreign
economy, say country i,

β

µ
Cit+1
Cit

¶−1µ
P it
P it+1

¶µ
εi,t
εi,t+1

¶
= Qt,t+1 (57)

Equating the two yields,µ
Cit+1
Cit

¶−1µ
P it
P it+1

¶µ
εi,t
εi,t+1

¶
=

µ
Ct+1
Ct

¶−1µ
Pt
Pt+1

¶
(58)
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where εi is the nominal exchange rate between home and country i. Using the
definition of the real exchange rate, Qi,t = εitP

∗
t

Pt
, this can be written as,

Qi,t+1
µ
Cit+1
Ct+1

¶
= Qi,t

µ
Cit
Ct

¶
(59)

Which can be interated backwards, so that,

Qi,t
µ
Cit
Ct

¶
= Qi,t−i

µ
Ci0
C0

¶
(60)

In other words risk sharing implies that the relationship between consumption
at home and country i is given by the following expression,

Ct = z
iCitQi,t (61)

where zi is a constant which depends upon initial conditions. Loglinearising
and integrating over all countries yields,

c = c∗ + q (62)

where c∗ =
R 1
0
cidi while using the relationship between the terms of trade and

the real exchange rate yields,

c = c∗ + (1− α)s (63)

2.4 Allocation of Government Spending

The allocation of government spending across goods is determined by minimising
total costs,

R 1
0
PH(j)G(j)dj. Given the form of the basket of public goods this

implies,

G(j) = (
PH(j)

PH
)−²G (64)

2.5 Firms

The production function is linear, so for firm j

Y (j) = AN(j) (65)

where a = ln(A) is time varying and stochastic. While the demand curve they
face is given by,

Y (j) = (
PH(j)

PH
)−²[(1− α)(

PC

PH
) + α

Z 1

0

(
εiP

iCi

PH
)di+G] (66)

,which we rewrite as,

Y (j) = (
PH(j)

PH
)−²Y (67)
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where Y =
hR 1
0
Y (j)

²−1
² dj

i ²
²−1

. The objective function of the firm is given by,

∞X
s=0

(θp)
sQt,t+s

∙
(1− τvt+s)

PH(j)t
P
t+s

Y (j)t+s −
Wt+s

Pt+s

Y (j)t+s(1− κ)
A

¸
(68)

where κ is an employment subsidy which can be used to eliminate the steady-
state distortion associated with monopolistic competition and distortionary sales
and income taxes (assuming there is a lump-sum tax available to finance such a
subsidy) and τv is a sales tax. Using the demand curve for the firm’s product,

∞X
s=0

(θp)
sQt,t+s

"
(1− τvt+s)

PH(j)t
P
t+s

(PH(j)tPH,t+s
)−²Yt+s

−Wt+s

Pt+s
(PH(j)tPH,t+s

)−² Yt+s(1−κ )At+s

#
(69)

The solution to this problem is given by,

∞X
s=0

(θp)
sQt,t+s

"
(1− ²)(1− τvt+s)P

−1
t+s(

PH(j)t
PH,t+s

)−²Yt+s

+²Wt+s

Pt+s
PH(j)

−²−1
t P ²H,t+s

Yt+s(1−κ )
At+s

#
(70)

Solving for the optimal reset price, which is common across all firms able to
reset prices in period t,

PH,t =

P∞
s=0(θp)

sQt,t+s

h
²Wt+s

Pt+s
P ²H,t+s

Yt+s
At+s

i
P∞
s=0(θp)

sQt,t+s

h
(²− 1)(1− τvt+s)P

−1
t+sP

²
H,t+sYt+s(1− κ)

i (71)

While domestic prices evolve according to,

PH,t =
h
(1− θw)P

∗(1−²w)
t + θwP

1−²w
H,t−1

i 1
1−²w (72)

Appendix 2 then details the derivation of the New Keynesian Phillips curve
for domestic price inflation which is given by,

πH,t = βEtπH,t+1 (73)

+
(1− θpβ)(1− θp)

θp
(−at + wt − pH,t − ln(1− τvt )− vt + ln(µ))

where mc = −a+ w − pH − ln(1 − τv) − v are the real log-linearised marginal
costs of production, and v = − ln(1− κ). In the absence of sticky prices profit
maximising behaviour implies, mc = − ln(µ) where µ is the steady-state mark-
up.

2.6 Equilibrium

Goods market clearing requires, for each good j,

Y (j) = CH(j) +

Z 1

0

CiH(j)di+G(j) (74)
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Symmetrical preferences imply,

CiH(j) = α(
PH(j)

PH
)−²(

PH
εiP i

)−1Ci (75)

which allows us to write,

Y (j) = (
PH(j)

PH
)−²[(1− α)(

PC

PH
) + α

Z 1

0

(
εiP

iCi

PH
)di+G] (76)

Defining aggregate output as

Y = [

Z 1

0

Y (j)
²−1
² dj]

²
²−1 (77)

allows us to write

Y = (1− α)
PC

PH
+ α

Z 1

0

(
εiP

iCi

PH
)di+G (78)

= Sα[(1− α)C + α

Z 1

0

QiCidi] +G (79)

= CSα +G (80)

Taking logs implies

ln(Y −G) = c+ αs (81)

= y + ln(1− G
Y
) (82)

= y − g (83)

where we define g = − ln(1 − G
Y ). As this condition holds for all countries, we

can write world (log) output as

y∗ =

Z 1

0

(ci + gi + αsi)di (84)

However
R 1
0
sidi = 0, so we have

y∗ =

Z 1

0

(ci + gi)di = c∗ + g∗ (85)

We can use these relationships to rewrite (23) as

yt = Et{yt+1}− (rt −Et{πt+1}− ρ)−Et{gt+1 − gt}− αEt{st+1 − st}
= Et{yt+1}− (rt −Et{πH,t+1}− ρ)−Et{gt+1 − gt} (86)

Price inflation is determined by

πH,t = βEt{πH,t+1}+ λ(mct + ln(µt)) (87)
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where λ = [(1−βθ)(1− θ)]/θ and mc = −a+w− pH − ln(1− τv)− v such that
the forcing variable is the difference between real marginal costs and the inverse
of the steady-state mark-up. While wage inflation dynamics are determined by,

πwH,t = βEtπ
w
H,t+1+

(1− θwβ)(1− θw)

(1 + ϕ²w)θw
(ϕnt−wt+ ct+pt− ln(1− τ t)+ ln(µw))

(88)
here the forcing variable captures the extent to which the consumer’s labour
supply decision is not the same as it would be under flexible prices. Define this
variable as, mcw = ϕnt −wt + ct + pt − ln(1− τ t). This can be manipulated as
follows,

mcw = ϕn− w + pH + c+ p− pH − ln(1− τ) (89)

= ϕn− w + pH + c+ αs− ln(1− τ) (90)

= ϕy − (w − pH) + c∗ + s− ln(1− τ)− ϕa (91)

From above we had
y = c∗ + g + s (92)

so we can also write marginal costs appropriate to wage inflation as

mcw = (1 + ϕ)y − (w − pH)− ln(1− τ)− g − ϕa (93)

Real wages evolve according to,

wt − pH,t = πwH,t − πH,t + wt−1 − pH,t−1 (94)

While the marginal costs relevant for price inflation are given by,

mc = −v + w − pH − a− ln(1− τv) (95)

2.7 Summary of Model

We are now in a position to summarise our model. On the demand side we have
an Euler equation for consumption,

yt = Et{yt+1}− (rt −Et{πH,t+1}− ρ)−Et{gt+1 − gt} (96)

While on the supply side there are equations for price inflation,

πH,t = βEt{πH,t+1}+ λ(mct + ln(µ)) (97)

where λ = [(1− βθ)(1− θ)]/θ and mc = −a+ w − pH − ln(1− τv)− v. There
is a similar expression for wage inflation,

πwH,t = βEtπ
w
H,t+1 (98)

+
(1− θwβ)(1− θw)

(1 + ϕ²w)θw
((1 + ϕ)yt − (wt − pH,t)− ln(1− τ t)− gt − ϕat + ln(µ

w))
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which together determine the evolution of real wages,

wt − pH,t = πwH,t − πH,t + wt−1 − pH,t−1 (99)

The model is then closed by the policy maker specifying the appropriate values
of the fiscal and monetary policy variables. However, although this represents
a fully specified model it is often recast in the form of ‘gap’ variables which are
more consistent with utility-based measures of welfare.

2.8 Gap variables

Define the natural level of (log) output yn as the level that would occur in the
absence of nominal inertia and conditional on the optimal choice of government
spending, the steady-state tax rates and the actual level of world output. Define
the output gap as

yg = y − yn (100)

With flexible prices and wages we have mcn = −µ and mcw,n = −µw(see
above). Substituting into the expressions for mc and mcw implies,

− ln(µ) = −a+ wn − pnH − ln(1− τv)− v (101)

where the consumption tax rate has been ‘barred’ to denote its steady-state
value. Solving for equilibrium real wages,

wn − pnH = − ln(µ) + a+ ln(1− τv) + v (102)

Similarly for the ‘marginal costs’ determining wage inflation,

− ln(µw) = (1 + ϕ)yn − (wn − pnH)− ln(1− τ)− gn + ϕa (103)

− ln(µw) = (ln(µ))− ln(1− τv)− v + (1 + ϕ)(yn − a)− ln(1− τ)− gn

yn = a+ gn/(1 + ϕ) + (v + ln(1− τ)− ln(µ)− ln(µw))/(1 + ϕ)

We can rearrange this as

−(v + ln(1− τ)− ln(µ)− ln(µw)) = a(1 + ϕ) + gn − yn(1 + ϕ) (104)

We can then write

mcw,g = mcw + ln(µw) (105)

= (1 + ϕ)y − (w − pH)− ln(1− τ)− g − ϕa+ ln(µw) (106)

= (1 + ϕ)yg − gg − (wg − pgH)− ln(1− τ)g (107)

where ln(1−τ)g = ln(1−τ)− ln(1−τ). Substituting this into the Phillips curve
for wage inflation gives,

πwH,t = βEtπ
w
H,t+1+

(1− θwβ)(1− θw)

(1 + ϕ²w)θw
((1+ϕ)yg− gg− (wg−pgH)− ln(1− τ)g)

(108)
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while the similar expression for price inflation is given by,

πH,t = βEt{πH,t+1}+
(1− θpβ)(1− θp)

θp
[(wgt − p

g
H,t)− ln(1− τvt )

g] (109)

where the ‘gapped’ real wage evolves according to,

wgt − p
g
H,t = πwH,t − πH,t + w

g
t−1 − p

g
H,t−1 −∆at (110)

We can also write (86) for natural variables as

ynt = Et{ynt+1}− (rnt − ρ)−Et{gnt+1 − gnt } (111)

so
rnt = ρ+Et{ynt+1 − ynt }−Et{gnt+1 − gnt } (112)

This allows us to write (86) for gap variables as

ygt = yt − ynt = Et{y
g
t+1}− (rt −Et{πH,t+1}− rnt )−Et{g

g
t+1 − g

g
t } (113)

Note that, given (103), the real natural rate of interest depends - like natural
output - only on the productivity shock, the steady-state levels of distortionary
taxation and the optimal level of government spending.

3 Optimal policy

3.1 The Social Planner’s Problem in a Small Open Econ-
omy.

The social planner simply decides how to allocate consumption and production
of goods within the economy, subject to the various constraints implied by oper-
ating as part of a larger group of economies e.g. IRS. Since they are concerned
with real allocations nominal inertia is not an issue.
The social planner will produce equal quantities of all goods, so we can write

Y = AN (114)

Combining aggregate demand and international risk sharing implies

c = c∗ + (1− α)s = c∗ + (1− α)(y − c∗ − g) (115)

= αc∗ + (1− α)(y − g) (116)

The social planner maximises

c+ χg − N
1+ψ

1+ψ
(117)

subject to these two constraints, which implies (max wrt g and Y)

1− α

Y −G −
N1+ψ

Y
= 0 (118)

− 1− α

Y −G +
χ

G
= 0 (119)
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so that

N = (1− α+ χ)
1

1+ψ (120)

G =
Y χ

1− α+ χ
(121)

which implies the optimal value for g,

g = ln(1 +
χ

1− α
) (122)

3.2 Flexible Price Equilibrium

Profit-maximising behaviour implies that firms will operate at the point at which
marginal costs equal marginal revenues,

mcw,n = − ln(µw) (123)

= − ln(1− τ) + a+ (1 + ϕ)nn − gn − (wn − pnH)
= − ln(µ) + ln(1− κ)− ln(1− τ)− ln(1− τv)

+(1 + ϕ)nn + ln(1− G
n

Y n
) (124)µ

1− 1
²

¶µ
1− 1

²w

¶
=

(1− κ)
(1− τv)(1− τ)

(Nn)(1+ϕ)(1− G
n

Y n
) (125)

Now if Gn is given by the optimal rule (122), then

1− G
n

Y n
=

1− α

1− α+ χ
(126)

If the subsidy κ is given by

(1− κ) = (1− 1
²
)(1− 1

²w
)(1− τv)(1− τ)/(1− α) (127)

then
Nn = (1− α+ χ)

1
1+ψ (128)

is identical to the optimal level of employment above. Here the subsidy has
to overcome the distortions due to monopoly pricing in the goods and labour
markets, as well as the distortionary income and sales taxes.

3.3 The Social Planner’s Problem in a Monetary Union

Here the social planner maximises utility across all countries subject to

Y i = AiN i (129)

Y i = Cii +

Z 1

0

Cji dj +G
i (130)
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Recall that utility for country i at time t is

lnCt + χt lnGt −
N1+ϕ
t

1 + ϕ
(131)

and

C = (Y −G)1−α[
Z 1

0

Cidi]α (132)

Optimisation implies

(N i)ϕ = Ai
1− α

Cii
= Ai

Z 1

0

α

Cji
dj = Ai

χi

Gi
(133)

This implies

N i = (1 + χi)
1

1+ϕ (134)

Ci = (
1− α

1 + χi
)Y i (135)

Cji = (
α

1 + χi
)Y i j 6= i (136)

Gi =
χi

1 + χi
Y i =

χiAi

(1 + χi)
ϕ

1+ϕ

(137)

The latter implies g = ln(1+χi) which is a different fiscal rule than in the case
of the small open economy. Why? In the small open economy case governments
have an incentive to increase government spending (which is devoted solely to
domestically produced goods) to induce an appreciation in the terms of trade. In
aggregate this cannot happen, but it leaves government spending inefficiently
high. The government spending rule under monetary union eliminates this
externality. This also has implications for the derivation of union and national
welfare which is discussed below.

3.4 Social Welfare in a Monetary Union

Appendix 3 derives the quadratic approximation to utility across member states
to obtain a union-wide objective function.

Γ = − (1 + χ)

2

∞X
t=0

βt
Z 1

0

[
²

λ
π2i,t +

²w(1 + ϕ²w)

λw
(πwi,t)

2 + (yi,gt )
2(1 + ϕ) +

1

χ
(gi,gt )

2]di

+tip+O[3] (138)

It contains quadratic terms in price and wage inflation reflecting the costs of
price and wage dispersion induced by inflation in the presence of nominal inertia,
as well as terms in the output gap and government spending gap. The weights
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attached to each element are a function of deep model parameters. The key
to obtaining this quadratic specification is in adopting an employment subsidy
which eliminates the distortions caused by imperfect competition in labour and
product markets as well as the impact of distortionary sales and income taxes.
It is also important to note that it is assumed that national fiscal authorities
have internalised the externality caused by their desire to appreciate the terms
of trade through excessive government expenditure.
In deriving national welfare for an economy outside of monetary union this

externality has not been corrected for and, it can be shown that the objective
function becomes,

Γ = −(1− α+ χ)

2

∞X
t=0

βt[
²

λ
π2i,t+

²w(1 + ϕ²w)

λw
(πwi,t)

2+(yi,gt )
2(1+ϕ)+

1

χ
(gi,gt )

2]+tip+O[3]

(139)
However, in the simulations that follow below we correct for this renormalisation
to allow welfare to be compared across EMU and open economy cases.

4 Precommitment Policy
In this section we shall consider the precommitment policies for the various
variants of our model.

4.1 Precommitment in the Small Open Economy

We shall initially consider policy in an economy not participating in monetary
union. This will serve as a benchmark against which to evaluate policy within
the union, and is also informative as union-wide policy will be of the same form
as national monetary policy in the open economy. In the small open economy
case, our ‘gapped’ model of country i consists of the following equations. Firstly,
the Phillips curve for wage inflation,

πwi,t = βEtπ
w
i,t+1+

(1− θwβ)(1− θw)

(1 + ϕ²w)θw
((1+ϕ)yi,gt −g

i,g
t −(w

i,g
t −p

g
i,t)−ln(1−τ it)g)

(140)
while the similar expression for price inflation is given by,

πi,t = βEt{πi,t+1}+
(1− θpβ)(1− θp)

θp
[(wi,gt − p

g
i,t)− ln(1− τ i,st )

g] (141)

where the ‘gapped’ real wage evolves according to,

wt,gt − p
g
i,t = πwi,t − πi,t + w

i,g
t−1 − p

g
i,t−1 −∆ait (142)
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Finally there is the euler equation for consumption,

yi,gt = gi,gt +Et{yit+1 − git+1 + πi,t+1}− (rit − r
i,n
t ) (143)

Define, λ = (1−θpβ)(1−θp)
θp

, λw =
(1−θwβ)(1−θw)

θw
and eλw = λw

(1+ϕ²w)
.

The objective function for the national government is given by,

∞X
t=0

βt
∙
²

λ
π2i,t +

²weλw (πwi,t)2 + (yi,gt )2(1 + ϕ) +
1

χ
(gi,gt )

2

¸
(144)

Forming the Lagrangian,

Lt =
∞X
t=0

βt[
²

λ
π2i,t +

²weλw (πwi,t)2 + (yi,gt )2(1 + ϕ) +
1

χ
(gi,gt )

2

+λπ
w,i
t (πwi,t − βEtπ

w
i,t+1 − eλw((1 + ϕ)yi,gt − g

i,g
t − (w

i,g
t − p

g
i,t)− ln(1− τ it)

g)

+λπ,it (πi,t − βEt{πi,t+1}− λ[rwi,g − ln(1− τ i,st )
g])

+λy,it (y
i,g
t − g

i,g
t −Et{y

i,g
t+1 − g

i,g
t+1 + πi,t+1}+ (rit − r

i,n
t ))

+λrw,it (rwi,gt − πwi,t + πi,t − rwi,gt−1 +∆at)]

The first first-order conditions is for the interest rate,

λy,it = 0 (145)

i.e. when there is a national monetary policy it is as if the monetary authorities
have control over consumption such that the consumption Euler equation ceases
to be a constraint. The foc for the sales tax gap, ln(1− τv)g,

λλπ,it = 0 (146)

i.e. the price Phillips curve ceases to be a constraint on maximising welfare
-VAT tax changes can offset the impact on any other variables driving price
inflation. Similarly, the condition for income taxes is given by,

eλwλπw,it = 0 (147)

The remaining focs are for real wages,

−λλπ,it + eλwλπw,it + λrw,it − βEtλ
rw,i
t+1 = 0 (148)

inflation,
2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it = 0 (149)

wage inflation,
2²weλw πwi,t + λπ

w,i
t − λπ

w,i
t−1 − λrw,it = 0 (150)
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the government spending gap,

2

χ
gi,gt + eλwλπw,it − λy,it + β−1λy,it−1 = 0 (151)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 = 0 (152)

Combinations of these first order conditions define the target criteria for a
variety of cases, such that alternative fiscal regimes are modelled by retaining
or dropping the focs associated with a specific fiscal instrument. In deriving
precommiment policy we consider the general solution to the system of focs
after the initial time period, which gives us a set of target criteria which policy
must achieve. In the initial period we have two ways of solving the system
of focs. We can derive a set of initial values for lagrange multipliers dated at
time t=-1, such that the target criteria are also followed in the initial period -
this constitutes what is known as the policy from a ‘timeless perspective’ (see
Woodford 2003). Alternatively we can allow policy makers to exploit the fact
that expectations are fixed in the initial period and utilise the discretionary
solution for the initial period only. This amounts to setting the time t=-1 dated
lagrange multipliers to zero (see Currie and Levine (1993)). Although we adopt
the latter approach in simulations, we do not report the focs associated with it
in order to conserve space since these do not provide any additional economic
intuition.

4.1.1 Small Open Economy - All Fiscal Instruments

Let us consider the case where the fiscal authorities have access to government
spending and both tax instruments in order to stabilise their economy, when
operating alongside the national monetary authorities. Appendix 5 details the
derivation of target criteria in this case which are, for government spending,

gi,gt = 0 (153)

the output gap,
yi,gt = 0 (154)

price inflation,
πi,t = 0 (155)

and wage inflation,
πwi,t = 0 (156)

In other words the effects of shocks on these gap variables are completely offset
and do not have any welfare implications. Since these target criteria are all
static, it will also be the case that the optimal discretionary policy will be the
same as this precommitment policy. In terms of policy assignments, monetary
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policy ensures the output gap is zero. Wage inflation is eliminated by following
the following rule for income taxes,

ln(1− τ it)
g = −rwi,gt (157)

while a similar form of rule (but of the opposite sign) for sales taxes eliminates
price inflation,

ln(1− τ i,st )
g = rwi,gt (158)

4.1.2 Small Open Economy - VAT and Government Spending

Now suppose we only have access to the sales tax and government spending as
fiscal instruments. In this case our government spending rule becomes,

yi,gt +
1

χ
gi,gt = 0 (159)

while monetary policy achieves the following trade-off between output and in-
flation under commitment,

²weλw πwi,t + ²

λ
πi,t +

1eλw∆yi,gt = 0 (160)

this is similar to the form of target criteria that emerges when only prices are
sticky and the only policy instrument is interest rates. Essentially the presence
of the sales tax instrument simplifies the target criteria that emerges when both
prices and wages are sticky (See Woodford (2003), Chapter 7). The sales tax
rule that simplfies the output-inflation trade-off facing the national monetary
authorities is given by,

yi,gt − ²rw
i,g
t + ² ln(1− τ i,st )

g = 0 (161)

4.1.3 Small Open Economy - Income Tax and Government Spending

Now suppose we have the income tax instrument and government spending.
Appendix 5 shows that our policy assignment contains the usual goverment
spending rule,

yi,gt +
1

χ
gi,gt = 0 (162)

which is our first target criterion.
The optimal mix of inflation and output to be achieved through the monetary

policy instrument gives us our second target crtiterion,

²weλw πwi,t + ²

λ
πi,t +

1

λeλw (∆yi,gt ) = 0 (163)

and the income tax rule is,

2

χ
gi,gt + 2²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t − ln(1− τ it)

g) = 0 (164)
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4.1.4 Small Open Economy - No Tax Instruments, Only Government

Spending

With only a single instrument the target criteria under commitment becomes
more complex generating a target criterion for monetary policy with a mixture
of backward and forward-looking elements.

0 =
²

λ
πi,t +

²weλw πwi,t + 1eλw∆yi,gt (165)

+
1

λ

µ
∆yi,gt + ²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t ) +

1eλw (∆2yi,gt − β∆2Ety
i,g
t+1)

¶
while government spending follows the usual rule,

yi,gt +
1

χ
gi,gt = 0 (166)

This describes pre-commitment policy for all cases in the small open economy.

4.2 Optimal Precommitment Under EMU:

The Lagrangian associated with the EMU case is given by,

Lt =

Z 1

0

∞X
t=0

βt[
²

λ
π2i,t +

²weλw (πwi,t)2 + (yi,gt )2(1 + ϕ) +
1

χ
(gi,gt )

2

+λπ
w,i
t (πwi,t − βEtπ

w
i,t+1 − eλw((1 + ϕ)yi,gt − g

i,g
t − (w

i,g
t − p

g
i,t)− ln(1− τ it)

g)

+λπ,it (πi,t − βEt{πi,t+1}− λ[rwi,gt − ln(1− τ i,st )
g])

+λy,it (y
i,g
t − g

i,g
t −Et{y

i,g
t+1 − g

i,g
t+1 + πi,t+1}+ (rt − ri,nt ))

+λrw,it (rwi,gt − πwi,t + πi,t − rwi,gt−1 +∆at)]di

The key differences between this and the previous problem is that we now have
a national interest rate and welfare is integrated across all member states. As
a result, we no longer have an foc for the national interest rate, but the foc for
the union-wide interest rate is given by,Z 1

0

λy,it di = 0 (167)

However, since all economies in our model are symmetrical in structure, we
can aggregate focs across our economies which delivers, in terms of union-wide
aggregates, an identical set of focs as we find in the small open economy case
above. Therefore, the target criterion for the ECB will take the same form as
that attributed to the national monetary authority, but re-specified in terms of
union wide aggregates.
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In terms of national focs, we begin with the foc for the sales tax gap, ln(1−
τv)g,

λλπ,it = 0 (168)

i.e. the price Phillips curve ceases to be a constraint on maximising welfare
-VAT tax changes can offset the impact on any other variables driving price
inflation. Similarly, the condition for income taxes is given by,

eλwλπw,it = 0 (169)

implying that income taxes can control wage inflation, and for real wages,

−λλπ,it + eλwλπw,it + λrw,it − βEtλ
rw,i
t+1 = 0 (170)

The remaining first-order conditions are for inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it = 0 (171)

The foc for wage inflation is given by,

2²weλw πwi,t + λπ
w,i
t − λπ

w,i
t−1 − λrw,it = 0 (172)

All that remains is the foc for the government spending gap,

2

χ
gi,gt + eλwλπw,it − λy,it + β−1λy,it−1 = 0 (173)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 = 0 (174)

Combinations of these first order conditions define the national target criteria
for a variety of cases. Alternative fiscal regimes are modelled by retaining or
dropping the focs associated with a specific fiscal instrument. The details of
these manipulations are in Appendix 6.

4.2.1 EMU Case - All Fiscal Instruments

With all fiscal instruments, but the loss of the monetary policy instrument
we can no-longer eliminate the welfare effects of shocks. Therefore our policy
configuration is no longer trivial. It involves the following government spending
rule,

(1 + ϕ)yi,gt +
1

χ
gi,gt = 0 (175)

which ensures the optimal composition of output. There is an income tax rule,

(1 + ϕ)yi,g − gi,g − rwi,g − ln(1− τ ii)
g) = 0 (176)
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which eliminates wage inflation, and VAT tax rule,

(1 + ϕ)yi,gt + ²(ln(1− τ i,st )
g − rwi,gt ) = 0 (177)

which achieves the appropriate balance between output and inflation while
recognising that competitiveness will need to be restored once any shock has
passed.
With these fiscal rules in place in each member state, the ECB will act to

ensure the average output gap within the union is zero,Z 1

0

yi,gt di = y
g
t = 0 (178)

which will imply that the average government spending gap and rates of price
and wage inflation will all be zero in the union.

4.2.2 EMU Case - VAT and Government Spending

Our rule for the sales tax is given by,

1

χ
gi,gt = ²(ln(1− τ i,st )

g − rwi,gt ) (179)

while the government spending rule is more dynamic, implying,

− 2

ϕχ
gi,gt = 2

(1 + ϕ)

ϕ
yi,gt + 2²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t ) (180)

+
2

ϕχeλw (∆gi,gt − β∆Etg
i,g
t+1) + 2

(1 + ϕ)

ϕeλw (∆yi,gt − β∆Ety
i,g
t+1)

With only two instruments and four constraints, the precommitment policy im-
plies a degree of both inertial and forward-looking behaviour typical of analysis
of monetary policy in such settings (see Woodford (2003), Chapter 7 ). With
these national fiscal rules in place, the ECB’s monetary policy will seek to
achieve the following balance between inflation and output for the union as a
whole,

²weλw πwt + ²

λ
πt +

1eλw∆ygt = 0 (181)

4.2.3 EMU Case - Income Tax and Government Spending

Now suppose now income tax the only tax instrument, we have a rule for this
instrument of the form,
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0 = (1 + ϕ)yi,gt − ²(rw
i,g
t )− ²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t − ln(1− τ it)

g)

+
²w
λ
((1 + ϕ)(βEty

i,g
t+1 − y

i,g
t )− (βEtg

i,g
t+1 − g

i,g
t ) (182)

−(βEtrwi,gt+1 − rw
i,g
t )− (βEt ln(1− τ it+1)

g − ln(1− τ it)
g)

, which is complemented by our government spending rule,

1

χ
gi,gt + (1 + ϕ)yi,gt = 0 (183)

Assuming the national fiscal authorities implement these rules, then the ECB
will seek to achieve the following balance between output and inflation across
the union as a whole,

²weλw πwt + ²

λ
πt +

1

λeλw (∆ygt ) = 0 (184)

4.2.4 EMU Case - Government Spending the Only Instrument

Appendix 6 details the solution in this case, which is too complex to afford any
real intuition. Numerical analysis of this and the other cases is considered in
the next section. As well as a comparison with policy under the assumption of
discretion.

5 Optimal Policy Simulations

In this section we examine the optimal policy response to a technology shock
both within and outside monetary union. We consider discretionary and com-
mitment policies and compuete the welfare benefits of employing our various
fiscal instruments as stabilisation devices. In this section we outline the re-
sponse of the model to a series of shocks. Following GM we adopt the following
parameter set, ϕ = 1, µ = 1.2, ² = 6, θp = 0.75, θw = 0.75,β = 0.99, α = 0.4,
and γ = 0.25. The ratio of government spending to gdp of 0.25 implies that
χ = γ

1−γ = 1/3 in the EMU case2. Additionally, since we have sticky wages
we need to adopt a measure of the steady-state mark-up in the labour market,
µw = 1.2 which implies,²w = 6. While the degree of wage stickiness is given by
θw = 0.75 which means that wage contracts last for, on average, one year. This

2 In the small open economy case, γ = χ
1−α+χ such that fixing the share of government

spending requires a rescaling of χ to take account of the incentive to excessive government
spending which is assumed to be eliminated within the union. In the simulations, to facilitate
comparisons, we fix χ at the value described above in both the open economy and EMU cases.
We also rescale welfare to eliminate this difference in welfare functions.
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is consistent with the evidence in Leith and Malley (2005). The productivity
shock follows the following pattern,

at = ρaat−1 + ξt (185)

where we adopting a degree of persistence in the productivity shock of ρa = 0.6,
although we consider the implications of alternative degrees of persistence below.

5.1 Small Open Economy Simulations

We begin by considering the response of a small open economy to a 1% tech-
nology shock with the degree of persistence described above, when no use is
made of fiscal policy for stabilisation purposes i.e. only monetary policy is used
to stabilise the economy in the face of shocks. Figure 1 details the responses
of key endogenous variables to the technology shock, under both commitment
and discretion3. It is important to note that, in the absence of sticky wages,
monetary policy could completely offset the welfare consequences of this shock
by reducing interest rates in line with the increase in productivity. This would
ensure that domestic and foreign demand rises for the additional products and
that the full effects of the producivity gain are captured in real wages. How-
ever, when nominal wages are also sticky it is not possible for monetary policy
alone to offset the effects of the shock. As a result of the wage stickiness, real
wages are slow to rise following the positive productivity shock and, as a result,
marginal costs fall initially and this means that the initial jump in inflation
is negative. This leads to a cut in nominal interest rates (greater than that
implied by the productivity shock’s affect on the natural interest rate) and a
jump depreciation of the nominal exchange rate, although interest rates will be
relatively lower after this initial jump as rising marginal costs increase inflation.
The terms of trade depreciate initially, but this is far more modest than in the
flex wage case. As a result consumption rises in the home country relative to
abroad, but not by as much as output since the depreciation of the terms of
trade makes domestic goods attractive to foreign consumers. Implicitly IRS
and the positive productivity shock imply that resources are being sent abroad
to support foreign consumption, although this is not as pronounced as in the
flexible wage case.
We know from our derivation of optimal policy above that when we utilise

all fiscal instruments we can completely offset the impact of this shock on all
welfare-relevant gap variables, implying that there is no welfare cost to the
shock. Essentially, the monetary instrument eliminates the impact on the output
gap of the shock by cutting interest rates. This creates demand for domestically
produced goods by encouraging domestic consumption, which has a bias towards
domestically produced goods, and depreciating the exchange rate leading to
an increase in foreign demand. Income taxes are reduced to eliminate wage
inflation, but simultaneously achieve the required increase in the post tax real

3The numerical solution of optimal policy under commitment and discretion is based on
Soderlind (2003).
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wage. The sales tax is increased to eliminate the deflation that would otherwise
emerge as a result of the reduction in marginal costs (due to falling income taxes
and rising productivity). There is no need to adjust government spending when
the government has access to the tax instruments without constraint.
We can also consider a number of intermediate cases where not all fiscal

instruments are employed. The welfare benefits of various combinations of fis-
cal instrument are given in Table 1. These suggest that the greatest gains to
stabilisation in the open economy case, come from the tax instruments with
only relatively minor benefits from varying government spending. Either tax
instrument is highly effective in reducing the welfare costs of the technology
shock.

Table 1 - Costs of Technology Shock in Small Open Economy with Alternative

Fiscal Instruments.
Discretionary Policy No Taxes Income Tax Sales Tax Both Taxes
Govt Spending 1.2479 0.2252 0.2906 0
No Govt Spending 1.2503 0.2319 0.3025 0

Commitment Policy No Taxes Income Tax Sales Tax Both Taxes
Govt Spending 1.2414 0.1443 0.1850 0
No Govt Spending 1.2438 0.1517 0.1961 0

5.2 EMU Simulations

We now consider the response to an idiosyncratic technology shock for a country
operating under EMU (see Figure 2). We begin by considering the case where
there is no fiscal response to the shock. In this case the equilibriating mechanism
is the need to restore competitiveness following the shock. Relative to the small
open economy case, there is now no monetary policy response to either the
local productivity shock or its inflationary repercussions. As a result there is
no attempt to boost consumption and output with a fall in interest rates in
response to the shock (in an attempt to replicate the flex price outcome).There
is an initial fall in marginal costs and inflation which induces a depreciation in
the terms of trade, although this is far smaller than in the open economy case
above. This shifts demand towards domestic goods such that eventually prices
and wages rise until the competitiveness gain has been reversed. In the presence
of nominal inertia and with no monetary policy/exchange rate instrument, it is
difficult to induce the necessary movements in the terms of trade/real exchange
rate to create a market for the extra goods that could be produced as a result
of the productivity shock. This failure is reflected the large negative output gap
and real wage gap.
We then contrast this with the case where country i employs all the fiscal

instruments at its disposal (see Figure 3). We find that optimal policy attempts
to reduce the impact of the shock on competitiveness. Therefore following the
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productivity shock the sales and income taxes are increased. The latter com-
pletely offsets the impact of the shock on wage inflation, while the former allows
for only a very limited reduction in prices following the productivity shock. As a
result of this attempt to avoid price adjustment, there is a substantial negative
output gap although this is partially offset by a rise in government spending.
This has the advantage of creating a market for the additional goods, which
given the complete home bias in government spending, boosts real wages and
moderates the fall in inflation. There is now a smaller depreciation of the terms
of trade due to the changes in taxation and since there is less need to encourage
foreign consumption of the increased domestic production of goods due to the
home bias in government consumption. The welfare gain from fiscal stabilisa-
tion to this degree is an approximate halving of the costs of a technology shock
when part of a monetary union.
We again consider a number of intermediate cases where not all fiscal in-

struments are employed. The welfare benefits of various combinations of fiscal
instrument are given in Table 2. This suggest that the greatest gains to stabili-
sation, when part of monetary union, come from utilising government spending
as a stabilisation instrument. This is due to the assumed home-bias in gov-
ernment spending which allows policy makers to purchase the additional goods
produced as a result of the productivity shock without requiring any competive-
ness changes which subsequently have to be undone once the shock has passed.
It is also interesting to note that even with all fiscal instruments in place the
costs of the shock under EMU are still greater than in the small open economy
case with monetary policy as the only available policy instrument.

Table 2 - Costs of Technology Shock Under EMU with Alternative Fiscal In-
struments - Discretion.

Discretionary Policy No Taxes Income Tax Sales Tax Both Taxes
Govt Spending 2.5132 2.4173 1.8196 1.7229
No Govt Spending 3.4681 3.2306 3.0110 2.7730

Commitment Policy No Taxes Income Tax Sales Tax Both Taxes
Govt Spending 2.5060 2.4075 1.8133 1.7229
No Govt Spending 3.4681 3.2242 2.9982 2.7730

5.3 Implementation Lags

A frequently cited argument against employing fiscal instruments in a stabil-
isation role is that it often takes long periods to implement the tax changes
and government spending changes suggested by optimal policy. In this sub-
section we assess the extent to which implementation lags affect the welfare
gains from fiscal stabilisation. We assume that it takes n-periods to change pol-
icy instruments following a change in the information set. This can be modelled
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by conditioning policy instruments on information sets of n-periods ago, such
that our structural model can be written as follows, with our NKPC for wage
inflation,

πwi,t = βEtπ
w
i,t+1+

(1− θwβ)(1− θw)

(1 + ϕ²w)θw
((1+ϕ)yi,gt −Et−ng

i,g
t −(w

i,g
t −p

g
i,t)−Et−n ln(1−τ it)g)

(186)
the similar expression for price inflation,

πi,t = βEt{πi,t+1}+
(1− θpβ)(1− θp)

θp
[(wi,gt − p

g
i,t)−Et−n ln(1− τ i,st )

g] (187)

and the euler equation for consumption,

yi,gt = Et−ng
i,g
t +Et{yit+1 −Et−ngit+1 + πi,t+1}− (rt − ri,nt ) (188)

the equation describing the evolution of the ‘gapped’ real wage is unaffected.
This implies that it will take n-periods following the shock for the fiscal authori-
ties to be able to implement a fiscal policy plan. Details of how implementation
lags affect the welfare affects of policy are given below in Table 3. Here it is clear
that, in the context of a monetary union, implementation lags serious affect the
ability of the fiscal variables to deal with the shock, with lags of one year almost
completely eliminating any benefits of fiscal stabilisation through the use of a
single instrument.

Table 3 - Costs of Technology Shock Under EMU with Alternative Fiscal In-
struments - Various Implementation Lags.

Commitment Policy Government Spending Income Tax Sales Tax
No Lags 2.5060 3.2242 2.9982
1-Period Lag 3.1754 3.2564 3.2173
2-Period Lag 3.3674 3.3023 3.3181
3-Period Lag 3.4173 3.3457 3.3804
4-Period Lag 3.4279 3.3795 3.4112

Of course these results are highly dependent upon the amount of inertia in
the economy. For example, increasing the degree of presistence in the shock from
0.6 to 0.9 implies the following set of results where the proportional increase in
the welfare costs of the shock arising from implementation lags are smaller (for
example a year’s delay in implementing government spending changes implies
an increase in costs of 37% (19%) with a degree of persistence of 0.6 (0.9)).

Table 4 - Costs of Technology Shock Under EMU with Alternative Fiscal
Instruments - Various Implementation Lags.

Commitment Policy Government Spending Income Tax Sales Tax
No Lags 6.5893 7.2093 6.8543
1-Period Lag 7.1708 7.2377 7.1074
2-Period Lag 7.5185 7.2994 7.3198
3-Period Lag 7.7266 7.3870 7.5286
4-Period Lag 7.8500 7.4892 7.7019
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5.4 Adding in Debt

In this subsection we consider the impact of introducing government debt to our
analysis. Up until now we have assumed that there was a lump-sum tax instru-
ment which was utilised to balance the budget whenever other fiscal instruments
were used in a stabilisation role. In this section we assume that any variations
in government spending or our sales or income tax instruments are not automat-
ically adjusted for in this way. Instead, any inconsistency between government
tax revenues and spending will affect government debt. Policy must then ensure
that any relevant government budget constraint is satisfied. Appendix 7 derives
the intertemporal budget constraint for the union as a whole,Z
Di
tdi = Rt−1Bt−1 = −

∞X
T=t

Et[Qt,T (

Z 1

0

(Pi,TGi,T−Wi,TNi,T (τ i,T−κi)−τvi,TPi,TY iT−Ti,T )di)]

(189)
where Bt is the aggregate level of the national debt stocks. With global market
clearing in asset markets the series of national budget constraints imply that
the only public-sector intertemporal budget constraint in our model is a union-
wide constraint. What is the intuition for this? Given complete capital markets
and our assumed initial conditions (zero net foreign assets and identical ex ante
structures in each economy) this means that initially consumers expect similar
fiscal policy regimes in their respective economies. To the extent that ex post
this is not the case, there will be state contingent payments under IRS that
ensure marginal utilities are equated throughout the union (after controlling
for real exchange rate differences)4. This would seem to suggest that fiscal
sustainability questions within this framework are a union-wide rather than a
national concern. Given that a national government’s contribution to union-
wide finances is negligible then this could be taken to imply that debt is not an
issue in utilising fiscal instruments at the national level.
However, given the fiscal institutions which have been constructed as part of

EMU, it seems unlikely that without such constraints each member state would
expect to operate under ex ante similar fiscal regimes. Therefore it may be
reasonable to assume that each member state operates a budget constraint of
this form at the national level, such that there is no need for the only institution
with a union-wide instrument, the ECB, to be concerned with issues of fiscal
solvency. Therefore we impose, as an external constraint created within the
institutions of EMU, a national government budget constraint of the form,

Di
t = Rt−1B

i
t−1 = −

∞X
T=t

Et[Qt,T (Pi,TG
i
T −W i

TN
i
T (τ

i
T −κi)− τ i,sT Pi,TY

i
T −T iT )]

(190)
We need to transform this budget constraint into a loglinearised ‘gap’ equa-

tion to allow it to be integrated into our policy problem. Additionally, in order
4For the purposes of illustration, suppose taxes were lump-sum and one economy unexpect-

edly cut all taxes to zero. There would be transfers from this economy to the other economies
to ensure that the consumers in the other economies were not disadvantaged by the higher
taxes they had to pay to ensure union-wide solvency.

30



to keep the welfare functions we have just developed an obvious assumption
to make is that lump-sum taxation is used to finance the steady-state subsidy
(which offsets, in steady-state, the distortions caused by distortionary taxation
and imperfect competition in wage and price setting). We shall then assume
that lump-sum taxation cannot be used to alter this subsidy or to finance any
other government activities, including the kind of spending and distortionary
tax adjustments as stabilisation measures we are interested in. This implies
that W i

TN
i
Tκi = T iT in all our economies at all points in time, allowing us to

simplify the budget constraint to,

Rt−1B
i
t−1 = −

∞X
T=t

Et[Qt,T (Pi,TG
i
T −W i

TN
i
T τ

i
T − τ i,sT Pi,TY

i
T )] (191)

i.e. distortionary taxation and spending adjustments are required to service
government debt as well as stabilise the economy. This defines the basic trade-
off facing policy makers in utilising these instruments. In real terms this can be
written as,

Di
t

Pi,t
= −

∞X
T=t

Et[Rt,T (Pi,TG
i
T −

W i
T

Pi,T
N i
T τ

i
T − τ i,sT Pi,TY

i
T )] (192)

where Rt,T ≡ Qt,TPi,T/Pi,t is the stochastic discount factor used to discount a
real income stream, which implies the flow budget constraint,

Bit = Rt−1B
i
t−1 + Pi,tG

i
t − Pi,tY it τ

i,s
t −W i

tN
i
t τ
i
t (193)

Rewriting in real terms,

Bit
Pi,t

= Rt−1
Pi,t−1
Pi,t

Bit−1
Pi,t−1

+Git − Y ii,tτ
i,s
t −

W i
t

Pi,t
N i
t τ
i
t (194)

Rewriting to get the budget constraint in a form consistent with the gapped
definitions of the tax rates,

Bit
Pi,t

= Rt−1
Pi,t−1
Pi,t

Bit−1
Pi,t−1

− Y ii,t +Git − Y ii,t(1− τ i,st )−
W i
t

Pi,t
N i
t (1− τ it) +

W i
t

Pi,t
N i
t

(195)
This can be log-linearised as,

bit = Rbit−1 +R(rt−1 − πi,t) +
G
i

B
i lnG

i
t +

(1− τ i,s)Y
i

B
i ln(1− τ i,st )(196)
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where bit = ln(
Bi
t

Pi,t
) and B

i
= (Bi/Pi). Re-writing in gap form,

bgt = Rbgt−1 +R(r
g
t−1 − πi,t) +

G
i

B
i lnG

i,g
t +

(1− τ i,s)Y
i

B
i ln(1− τ i,st )

g(197)

−τ
i,sY

i

B
i yi,gt +

(1− τ i)rwiN
i

B
i ln(1− τ it)

g − τrwiN
i

B
i (rwi,gt + ni,gt )

From the production function, to the first order, yi,gt = ni,gt so this can be
rewritten as,

bi,gt = Rbi,gt−1 +R(r
g
t−1 − πi,t) +

G
i

b
lnGi,gt +

(1− τ i,s)y

b
ln(1− τ i,st )

g (198)

−(τ
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τrwiN
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)yi,gt +
(1− τ i)rwiN
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B
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ln(1− τ it)
g − τrwiN

i

B
i

(rwi,gt )

Note, however that gt in model is defined as, ln(1− G
Y ). This implies, to a first

order, that,

lnGi = ln(
Gi

Y i
) + ln(Y i) (199)

= ln(1− exp(−gi)) + yi (200)

=
1− γi,n

γi,n
gi + yi (201)

where γi,n = Gi/Y i. In gap form this becomes,

lnGi,g =
1− γi,n

γi,n
gi,g + yi,g (202)

Introducing this to the budget constraint,

bi,gt = Rbi,gt−1 +R(r
g
t−1 − πi,t) +

G
i

B
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γi,n
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This then constitutes our national government budget constraint which must
remain stationary as an additional constraint on policy makers.

5.5 Optimal Precommitment Policy with Government Debt

5.5.1 Open Economy Case

32



The Lagrangian associated with the open economy case in the presence of a
national government budget constraint is given by,

Lt =
∞X
t=0

βt[
²

λ
π2i,t +

²weλw (πwi,t)2 + (yi,gt )2(1 + ϕ) +
1
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i,g
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and brw = τrwiN
i

B
i . The foc for the national interest rate is given by,

λy,it −Etλ
b,i
t+1 = 0 (204)

Here monetary policy must now take account of its impact on the government’s
finances.
In terms of national focs, we begin with the foc for the sales tax gap, ln(1−

τ i,s)g,
λλπ,it − bτvλ

b,i
t = 0 (205)

Similarly, the condition for income taxes is given by,eλwλπw,it − bτλb,it = 0 (206)

and for real wages,

−λλπ,it + eλwλπw,it + λrw,it − βλrw,it+1 + brwλ
b,i
t = 0 (207)

The remaining first-order conditions are for debt,

λb,it − βRλb,it+1 = 0 (208)

which implies that, E0λ
b,i
t = λb,i ∀t . In other words policy must ensure that

the ‘cost’ of the government’s budget constraint is constant following a shock
which is the basis of the random walk result of Schmitt-Grohe and Uribe (2004).
This also implies that the lagrange multipliers for the wage and price phillips
curves are constant over time too. The remaining focs are for inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it +Rλb,it = 0 (209)

wage inflation,
2²weλw πwi,t + λπ

w,i
t − λπ

w,i
t−1 − λrw,it = 0 (210)
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the government spending gap,

2

χ
gi,gt + eλwλπw,it − λy,it + β−1λy,it−1 − bgλ

b,i
t = 0 (211)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 + byλ

b,i
t = 0 (212)

Combinations of these first order conditions define the national target criteria
for a variety of cases. In the open economy case the optimal combination of wage
and price inflation is given by,

2²

λ
πi,t +

2²weλw πwi,t = 0 (213)

This essentially describes the balance between wage and price adjustment in
achieving the new steady-state real wage consistent with the new steady-state
tax rates required to stabilise the debt stock following the shock. Taking the
foc for the output gap, we have,

2(1 + ϕ)yi,gt + λb,i(−bτ (1 + ϕ) + (1− β−1) + by) = 0 (214)

which defines the value of the Lagrange multiplier associated with the govern-
ment’s budget constraint which implies that the output gap is constant, but
non-zero. The sales and income tax rules for the open economy case are given
by, respectively,

−2²(rwi,gt − ln(1− τvt )
g) + (brw + bτ − bτv)λb,i = 0 (215)

and,

2²w((1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ t)

g)) + (brw + bτ − bτv)λb,i = 0 (216)

Finally the government spending rule is given by,

2

χ
gi,gt + (bτ − (1− β−1)− bg)λb,i = 0 (217)

which is again constant given the definition of λb,i above.
Taken together these target criteria imply that optimal policy ensures that

output and government spending adjust instantaneously to their new steady-
state levels, while gradual price and wage adjustment implies that we eventually
reach the new steady-state tax rates consistent with debt sustainability.

5.5.2 EMU Case

If we formulate the corresponding problem for the EMU case it is given by,

Lt =

Z 1
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∞X
t=0

βt[
²

λ
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2
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In order to obtain intuition for optimal policy in this case it is helpful to
relate the (constant) value of the lagrange multiplier associated with the na-
tional government budget constraint to national output and government spend-
ing gaps,

2(1 + ϕ)yi,gt +
2

χ
gi,gt + (by − ϕbτ − bg)λb,it = 0 (218)

which also implies a constant relationship between the output and government
spending gaps following a shock.
There is an income tax rule,

2²w((1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ t)

g)) + (brw + bτ − bτv)λb,i = 0 (219)

and a sales-tax rule,

0 = 2(1 + ϕ)yi,gt + (by − ϕbτ + 1− β−1 + brw − bτv)λb,i (220)

−2²(rwi,gt − ln(1− τvt )
g) (221)

and a government spending rule,
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which in conjuction with the tax rules, will achieve the constant relationship
between government spending and the output gap given above. Here we can
see that the presence of the national government budget constraint essentially
introduces a constant wedge into the target criteria outlined above for the EMU
case without debt which reflects the needs to adjust fiscal instruments and
steady-state output and real wages to be consistent with the new steady-state
level of government debt which follows a random walk.
While the ECB will set the union-wide interest rate consistently with the

following first-order condition,Z 1

0

(λy,it −Etλ
b,i
t+1)di = 0
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Assuming that the national fiscal authorities will follow these fiscal rules, this
will ensure that union-wide monetary policy achieves the following balance be-
tween wage and price inflation,

²

λ
πt +

²weλw πwt = 0 (223)

with other union wide variables following paths consistent with the target cri-
teria outlined for the small open economy case above.

5.5.3 Simulations

We then consider the ability of an economy operating under EMU to stabilise
the economy following a productivity shock through the use of fiscal instruments
when it must also ensure sustainability of the government’s finances. Figure 4
details the paths of key endogenous variables following the same shock consid-
ered above. In the case of commitment policy, the results are very similar to
the case where there was a lump-sum tax instrument balancing the national
fiscal budget. The main difference is that there is a gradual reduction in gov-
ernment debt in response to the higher tax revenues generated by the positive
productivity shock, until it reaches its new lower steady-state with reduced sales
and income taxes and higher government spending to satisfy the national fiscal
constraint. This is essentially a generalisation of the random walk result of Be-
nigno and Woodford (2003) and Schmitt-Grohe and Uribe (2004), which also
has echoes of tax smoothing (Barro (1979)), but with additional inertia caused
by the various sources of inertia in the model. Essenitally, following the shock
we have a random-walk in the steady-state debt and tax levels. However, these
differences have little welfare implications with the costs of the shock rising from
1.7251 to 1.7309.
A more substantial difference occurs when we consider the discretionary so-

lution. Under discretion the national fiscal authorities taking future inflationary
expectations as given, are tempted to use inflation rather than their fiscal in-
struments to stabilise national government debt. As a result, the larger initial
fall in inflation and the initial fall in income taxes serves to increase rather than
reduce debt initially. This temptation, which is a form of inflationary bias, re-
mains unless the debt stock returns close to its initial value. Therefore, even
although there is no explicit debt target, optimal discretionary policy comes
close to eliminating the effects of the productivity shock on the debt stock. In
this particular case, the welfare consequences of the shock are not dramatically
affected by the introduction of government debt and welfare costs rise from
1.7251 to 1.7889.

6 Conclusions
The paper detailed a microfounded model of an economy trading with several
trading partners which can serve as a basis for analysing issues relating to the
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optimal implementation of a stabilising fiscal policy for economies that have
joined together as part of a monetary union. The model presented followed
Gali and Monacelli (op. cit.), but introduced some additional features - namely
distortionary income and sales taxes, as well as sticky-wages (in addition to
sticky prices). Despite the fact that there are several economies being modelled
simultaneously the absence of strategic interactions between their policy mak-
ers, made the analysis of policy relatively tractable. As a result it was possible
to analyse optimal policy for a single country within the union. We found that,
with empirically plausible degrees of price and wage-stickiness, joining a mone-
tary union imposed significant welfare costs on an economy’s inhabitants when
that economy was subject to technology shocks. These costs could be reduced
by up to half by utilising fiscal instruments, with government spending being
particularly effective in responding to idiosyncratic shocks due to its assumed
home bias in the purchase of goods. However, even employing all three fiscal
instruments could not reduce the costs of these shocks to the levels found when
the economy stayed out of monetary union and retained use of a monetary policy
(and therefore exchange rate) instrument. We also found that implementation
lags could significantly affect the ability of fiscal instruments to deal with shocks,
but that the need to ensure fiscal solvency when utilising tax instruments had
negligible welfare consequences.
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Appendix 1 - Wage Setting
Recall the optimal wage set by those households that are able to re-set wages

in period t,

W (k)−1−ϕ²wt =
Et
¡P∞

s=0(θw)
s
£
Qt,t+sW

²w
t+sNt+s(1− τ)

¤¢
Et

³P∞
s=0(θw)

s
h
Qt,t+sµwW

²w(1+ϕ)
t+s N1+ϕ

t+s Ct+sPt+s

i´ (224)

Note that in equilibrium,

βs
µ
Ct
Ct+s

¶µ
Pt
Pt+s

¶
= Qt,t+s (225)

Accordingly the expression for the optimal re-set wage is given by,

W
−1−ϕ²w
t =

Et
¡P∞

s=0(θwβ)
s
£
W ²w
t+sNt+s(1− τ)C−1t+sP

−1
t+s

¤¢
Et

³P∞
s=0(θwβ)

s
h
µwW

²w(1+ϕ)
t+s N1+ϕ

t+s

i´ (226)

This expression can be log-linearised as,

1 + ϕ²w
1− θwβ

wt−
1

1− θwβ
ln(µw) = Et

Ã ∞X
s=0

(θwβ)
s [ϕnt+s + ²wϕwt+s + ct+s + pt+s − ln(1− τ t+s)]

!
(227)

Quasi-differencing this expression yields,

1 + ϕ²w
1− θwβ

wt =
1 + ϕ²w
1− θwβ

awβEtwt+1+ϕnt+s+²wϕwt+s+ct+s+pt+s−ln(1−τ t+s)−ln(µw)
(228)

The wage index evolves according to the following law of motion,

Wt =
h
(1− θw)W

(1−²w)
t + θwW

1−²w
t−1

i 1
1−²w (229)

Log-linearising this expression gives,

wt = (1− θw)wt + θwwt−1 (230)

These two expressions can be solved for wage inflation to obtain the New Key-
nesian Phillips curve for wage inflation,

πwt = βEtπ
w
t+1+

(1− θwβ)(1− θw)

(1 + ϕ²w)θw
(ϕnt−wt+ct+pt−ln(1−τ t)+ln(µw)) (231)

here the forcing variable captures the extent to which the consumer’s labour
supply decision is not the same as it would be under flexible prices.
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Appendix 2 - Price Setting
Recall the optimal price set by firms that are able to reset prices in period

t,

P ∗t =

P∞
s=0(θp)

sQt,t+s

h
²Wt+s

Pt+s
P ²H,t+s

Yt+s
At+s

i
P∞

s=0(θp)
sQt,t+s

h
(²− 1)(1− τvt+s)P

−1
t+sP

²
H,t+sYt+s(1 + χ)

i (232)

Note that in equilibrium,

βs
µ
Ct
Ct+s

¶µ
Pt
Pt+s

¶
= Qt,t+s (233)

Accordingly, the expression for the optimal price can be re-written as,

P ∗t =

P∞
s=0(θpβ)

s CtPt
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h
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i (234)

This can be loglinearised as,

pH,t = ln(µ) + (1− θpβ)Et

Ã ∞X
s=0

(θwβ)
s
£
−at+s + wt+s − ln(1− τvt+s)− vt

¤!
(235)

where pH,t is the log of the optimal price set by those firms that were able to set
price in period t, and v = − ln(1 + χ).Quasi-differencing this expression yields,

1

1− θpβ
pH,t =

1

1− θpβ
θpβEtpH,t+1 − at + wt − ln(1− τvt )− vt + ln(µ) (236)

While domestic prices evolve according to,

PH,t =
h
(1− θw)P

∗(1−²w)
t + θwP

1−²w
H,t−1

i 1
1−²w (237)

This can be log-linearised as,

pH,t = (1− θp)pH,t + θppH,t−1 (238)

Solving for pH,t and substituting into the expression for quasi-differenced opti-
mal price yields,

1

1− θpβ

µ
pH,t
1− θp

− θppH,t−1
1− θp

¶
=

1

1− θpβ
θpβ

µ
EtpH,t+1
1− θp

− θppH,t
1− θp

¶
(239)

−at + wt − ln(1− τvt )− vt + ln(µ)
This can be solved as,

πPt = βEtπ
P
t+1+

(1− θpβ)(1− θp)

θp
(−at+wt−pH,t−ln(1−τvt )−vt+ln(µ)) (240)

where mc = −at+wt−pH,t− ln(1−τvt )−vt are the real log-linearised marginal
costs of production. In the absence of sticky prices profit maximising behaviour
implies, mc = − ln(µ).
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Appendix 3 - Derivation of Union Welfare
The measure of welfare which we shall seek to approximate is based on an

aggregate of household utility,

lnCt + χt lnGt −
Z 1

0

(N(k)t)
1+ϕ

1 + ϕ
dk (241)

The first term can be expanded as

c = cn + cg (242)

= cn + α

Z 1

0

cg,jdj + (1− α)(yg − gg) (243)

using (115). Before considering the second term we need to note the following
general result relating to second order approximations,

Yt − Y
Yt
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1

2
y2t + o

³
kak3

´
(244)

where o
³
kak3

´
represents terms that are of order higher than 3 in the bound

kakon the amplitude of the relevant shocks.
Suppose we take the Taylor series expansion of ln(YtY ), we obtain,
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Y
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Soving for the precentage deviation we have,

1

Y
(Yt − Y ) = ln(

Yt
Y
) +

1

2
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Y 2
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³
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´
(246)

Since we are ignoring all terms of order higher than 2 we can rewrite the second
order term as follows,

1

Y
(Yt − Y ) = ln(

Yt
Y
) +

1

2
ln(
Yt
Y
)2 + o

³
kak3

´
(247)

This will be used in various places in the derivation of welfare. Now consider
the second order approximation to the second term for an individual household
k,

N(k)1+ϕ

1 + ϕ
=

(N(k)n)1+ϕ

1 + ϕ
+ (N(k)n)ϕ(N(k)t −N(k)n) (248)
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which can be re-written as,
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using the above relationship this can be rewritten in terms of gap variables,

N(k)1+ϕ

1 + ϕ
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We now need to aggregate this over households and relate to aggregate variables.Z 1

0

N(k)1+ϕ

1 + ϕ
dk =
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(251)
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The demand for an individual household’s labour is given by,

N(k) =

µ
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Taking logs and integrating over households,Z 1

0
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Consider the relative price,
³
W (k)
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´−²w
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Let bw(k) = w(k)− w notice that,³W (k)
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From the definition of W we have 1 =
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dk. Therefore inte-

grating the above expression across k the LHS = 1 and the expression simplifies
to,

Ek{ bw(k)} = ²w − 1
2

Ek{ bw(k)2} (254)

which is of second order.
Therefore we can rewrite the relationship between the sum of household

labour inputs and the CES aggregate of these inputs as,Z 1
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n(k)gdk = ng + ²w
1− ²w
2

Ek{ bw(k)2}
= ng + ²w

1− ²w
2

vark{w(k)2} (255)

From the definition of the variance it is also the case that,Z 1

0

(n(k)g)2dk = vark{n(k)g}+ (
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where vark{n(k)g} = (²w)2vark{w(k)}.Using this expression and (255) the sec-
ond order approximation to the disutility of labour supply can be written as,
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Now we need to relate the labour input gap to the output gap and a measure

of price dispersion. Aggregating the individual firms’ demand for labour yields,
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It can be shown that
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While the first line is fairly straight-forward, there are several steps behind the
next line. The first things to note is that zt = ln[

R 1
0
(PH(i)PH

)−²di] is of second
order.
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Let bpH(i) = pH,t(i)− pH,t³
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grating the above expression across i the LHS = 1 and the expression simplifies
to,
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Integrating over i we can rewrite this as,Z 1
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But we have already shown that,
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Therefore, this can be rewritten as,Z 1
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This can be related to the variance in relative prices as follows,
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so we can write
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The term in G can be expanded as
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where γn=Gn/Y n. We can then write
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Using these expansions, individual utility can be written as
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Now, adding natural terms to tip and if we have an optimal subsidy, then
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, so we can simplify this as

lnCt + χt lnGt −
N1+ϕ
t

1 + ϕ
= α

Z 1

0

cg,jt dj − α(ygt − g
g
t ) +

− 1

2γn
(ggt )

2 + (279)

−(1 + χ){1
2
(ygt )

2(1 + ϕ) +
²

2
vari{pH , t(i)}+

²w(1 + ϕ²w)

2
vark{wt(k)2}}

+tip+O[3]

Total individual welfare in country i is therefore given by
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utilising the fact that 1− Gn
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Woodford shows thatX
βtvari{pH , t(i)} =

1

λ

X
βtπ2H,t (281)

where λ = (1 − θp)(1 − βθp)/θp. (This is in fact the same λ given in the New
Keynesian Phillips curve).

Lemma 1
P∞
t=0 β

tvari{pH,t(i)} = 1
λ

P
βtπ2H,t where λ =

(1−θ)(1−βθ)
θ

The Calvo price-setting rules imply that the distribution of prices elvolve as,

EipH,t(i)−EipH,t−1(i) = θpEi{pH,t−1(i)−Ei{pH,t−1(i)}}+ (1− θp)(pH,t −Ei{pH,t−1(i)})(282)

= (1− θp)(pH,t −Ei{pH,t−1(i)})

where pH,t is the optimal price set by all firms who are able to reset their price
in period t.(Note that this is an exact relationship which will later be related to
the usual Dixit-Stiglitz price indices through a second order approximation)
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Now consider the dispersion measure, vari{pH,t(i)},

vari{pH,t(i)} = vari{pH,t(i)−Ei{pH,t−1(i)}} (283)

= Ei{(pH,t(i)−Ei{pH,t−1(i)})2}− (Ei{pH,t(i)−Ei{pH,t−1(i)}})2

Now by the same logic that applies to price levels, the distribution of prices also
elvolves as a result of the Calvo assumptions as,

vari{pH,t(i)} = θEi{(pH,t−1(i)−Ei{pH,t−1(i)})2}+ (1− θ)(pH,t −Ei{pH,t−1(i)})2

− (Ei{pH,t(i)−Ei{pH,t−1(i)}})2 (284)

From the evolution of prices above, and using the definition of the variance, we
can rewrite this

= θvari{pH,t−1(i)}+
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Now we use the loglinear approximation, Ei{pH,t(i)} = pH,t+o
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´
to obtain,
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³
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´
(286)

We therefore have a dynamic expression for the evolution of the dispersion of
prices which is related to the rate of inflation. Integrating this forward (condi-
tional on some initial distribution of prices which is independent of policy) we
obtain,

vari{pH,t(i)} = θt+1vari{pH,t−1(i)}+
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1− θ
π2H,s + o

³
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´
(287)

Therefore if we take the discounted value of these terms over all periods t ≥ 0
we obtain,
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where we use the expression of the sum to n terms of a geometric series.

Similarly for wages.
P∞
t=0 β

tvark{wt(k)} = 1
λw
(πwt )

2 where λw =
(1−θw)(1−βθw)

θw
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The Calvo price-setting rules imply that the distribution of wages evolve as,

Ekwt(k)−Ekwt−1(k) = θpEk{wt−1(k)−Ek{wt−1(k)}}+ (1− θw)(wt −Ek{wt−1(k)})
= (1− θw)(wt −Ei{wt−1(i)}) (289)

where wt is the optimal price set by all firms who are able to reset their price
in period t.(Note that this is an exact relationship which will later be related to
the usual Dixit-Stiglitz price indices through a second order approximation)
Now consider the dispersion measure, vark{wt(k)},

vark{wt(k)} = vark{wt(k)−Ek{wt−1(k)}} (290)

= Ek{(wt(k)−Ek{wt−1(k)})2}− (Ek{wt(k)−Ek{wt−1(l)}})2

Now by the same logic that applies to price levels, the distribution of prices also
evolves as a result of the Calvo assumptions as,

vark{wt(k)} = θwEk{(wt−1(k)−Ek{wt−1(k)})2}+ (1− θw)(wt −Ek{wt−1(k)})2

− (Ek{wt(k)−Ek{wt−1(k)}})2 (291)

From
the evolution of prices above, and using the definition of the variance, we can
rewrite this

= θwvark{wt−1(k)}+
1
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Now we use the loglinear approximation, Ek{wt(k)} = wt + o
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´
to obtain,
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2 + o
³
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´
(293)

We therefore have a dynamic expression for the evolution of the dispersion of
wages which is related to the rate of wage inflation. Integrating this forward
(conditional on some initial distribution of wages which is independent of policy)
we obtain,

vark{wt(k)} = θt+1w vark{wt−1(k)}+
tX
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θw
1− θw

(πwH,s)
2 + o

³
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´
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Therefore if we take the discounted value of these terms over all periods t ≥ 0
we obtain,
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where we use the expression of the sum to n terms of a geometric series.
So we can write

Γi =
X
t=0

βt[−α(ygt − g
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t ) + α
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−(1 + χ)

2
((ygt )

2(1 + ϕ) +
1

χ
(ggt )

2 +
²

λ
π2H,t +

²w(1 + ϕ²w)

λw
(πwH,t)

2)]

+tip+ o
³
kak3

´
Integrating over all economies, and utilisingZ

(yi,g − ci,g − gi,g)di = 0 (297)

we obtain

Γ = −(1 + χ)

2

X
t=0

βt
Z 1

0

[
²

λ
π2i,t+

²w(1 + ϕ²w)

λw
(πwi,t)

2+(yi,gt )
2(1+ϕ)+

1

χ
(gi,gt )

2]di+tip+O[3]

(298)
Welfare is the sum of quadratic terms in inflation (for both wages and prices),
the output gap and the government spending gap in each country.
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Appendix 4 - Precommitment Policy in the Small
Open Economy

Small Open Economy - All Fiscal Instruments
Let us consider the case where the fiscal authorities have access to govern-

ment spending and both tax instruments in order to stabilise their economy,
when operating alongside the national monetary authorities. Here the presence
of the national monetary policy implies, λy,it = 0∀t so that the initial focs reduce
to, for sales taxes,

λλπ,it = 0 (299)

and income taxes, eλwλπw,it = 0 (300)

From these it is clear that if the authorities have access to the full set of fiscal
instruments, then the sales tax ensures λλπ,it = 0 and the income tax implies,eλwλπw,it = 0.Imposing this our remaining focs reduce to:

For real wages,
λrw,it − βEtλ

rw,i
t+1 = 0 (301)

price inflation,
2²

λ
πi,t + λrw,it = 0 (302)

wage inflation,
2²weλw πwi,t − λrw,it = 0 (303)

the government spending gap,
2

χ
gi,gt = 0 (304)

and the output gap,
2(1 + ϕ)yi,gt = 0 (305)

Combining the focs for price and wage inflation yields the optimal combina-
tion of wage and price inflation,

²

λ
πi,t +

²weλw πwi,t = 0 (306)

The foc for real wages also implies,

πwi,t − βEtπ
w
i,t+1 = 0 (307)

which given the New Keynesian Phillips curve for inflation implies,

(1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ it)

g = 0 (308)
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and ensures that πi,t = πwi,t = 0

Therefore, our four target criteria are, for government spending,

gi,gt = 0 (309)

for income taxes,
ln(1− τ t)

g = −rwi,gt (310)

sales taxes,
ln(1− τv)g = rwi,gt (311)

and the output gap,
yi,gt = 0 (312)

The latter two conditions being achieved through a combination of monetary
policy and VAT changes. Here a combination of income tax and VAT changes
will achieve the real wage adjustment required to support the flex price equi-
librium after monetary policy has eliminated the output gap. Wage and price
inflation will be zero, with income taxes achieving the required real wage ad-
justment.

Small Open Economy - VAT and Government
Spending
Now suppose we only have access to VAT and government spending as fiscal

instruments, our set of focs become, after imposing λλπ,it = 0 from the foc from
the sales tax,
Real wages, eλwλπw,it + λrw,it − βEtλ

rw,i
t+1 = 0 (313)

price inflation,
2²

λ
πi,t + λrw,it = 0 (314)

wage inflation,
2²weλw πwi,t + λπ

w,i
t − λπ

w,i
t−1 − λrw,it = 0 (315)

the government spending gap,

2

χ
gi,gt + eλwλπw,it = 0 (316)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t = 0 (317)

Combining the focs for the output gap and the government spending gap,

2(1 + ϕ)yi,gt + (1 + ϕ)
2

χ
gi,gt = 0 (318)
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which implies the following government spending rule,

yi,gt +
1

χ
gi,gt = 0 (319)

which delivers the optimal composition of GDP in the face of shocks.
>From the foc for the output gap we know,

2yi,gt = eλwλπw,it (320)

replacing this in the foc for wage inflation,

2²weλw πwi,t +
2eλw∆yi,gt = λrw,it (321)

Eliminating λrw,it for the foc for price inflation yields,

²weλw πwi,t + ²

λ
πi,t +

1eλw∆yi,gt = 0 (322)

Here the loss of the income tax instrument when wages are sticky requires a
trade-off between output and inflation stabilisation with the inertia in policy
which is typical of precommitment solutions. Note that if we didn’t have the
government spending instrument, then we would simply drop the fiscal spending
rule from this target criterion.
The real wage foc implies,

eλwλπw,it + λrw,it − βEtλ
rw,i
t+1 = 0 (323)

substituting for lagrange multipliers,

yi,gt −
²

λ
(πi,t − βEtπi,t+1) = 0 (324)

which is the additional target crteria. Using the Phillips curve we can rewrite
this as,

yi,gt − ²rw
i,g
t + ² ln(1− τ i,st )

g = 0 (325)

Therefore, we have the following set of target criteria. The government spending
rule,

yi,gt +
1

χ
gi,gt = 0 (326)

The output-inflation trade-off to be achieved by monetary policy,

²weλw πwi,t + ²

λ
πi,t +

1eλw∆yi,gt = 0 (327)

and the VAT tax rule,

yi,gt − ²rw
i,g
t + ² ln(1− τvt )

g = 0 (328)
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Small Open Economy - Income Tax and Govern-
ment Spending
Now suppose we have the income tax instrument, but no Sales tax. The focs

become, for income taxes,

eλwλπw,it = 0 (329)

and after imposing this, the remaining focs are, for real wages,

−λλπ,it + λrw,it − βEtλ
rw,i
t+1 = 0 (330)

price inflation,
2²

λ
πi,t + λπ,it − λπ,it−1 + λrw,it = 0 (331)

wage inflation,
2²weλw πwi,t − λrw,it = 0 (332)

the government spending gap,

2

χ
gi,gt + λλπ,it = 0 (333)

and the output gap,

2(1 + ϕ)yi,gt − (1 + ϕ)λλπ,it = 0 (334)

Combining the foc for the output gap and government spending gap,

2(1 + ϕ)yi,gt +
2

χ
gi,gt − ϕλλπ,it = 0 (335)

The foc for wage inflation can be embedded in the foc for real wages,

λλπ,it =
2²weλw (πwi,t − βEtπ

w
i,t+1) (336)

Using the wage inflation Phillips curve,

yi,gt = ²w((1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ it)

g) (337)

which is our first target criterion.
This can then be used to eliminate the lagrange multipliers from the foc for

price inflation,
²weλw πwi,t + ²

λ
πi,t +

1

λeλw (∆yi,gt ) = 0 (338)
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which gives us our second. Government Spending rule is given by,

2

χ
gi,gt + 2²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t − ln(1− τ it)

g) = 0 (339)

Combining gives us our government spending rule, yi,gt

1

χ
gi,gt + yi,gt = 0 (340)

Small Open Economy - No Tax Instruments,
Only Government Spending
No tax instruments. Combining the focs for the government spending gap

and the output gap yields the familiar fiscal rule,

yi,gt +
1

χ
gi,gt = 0 (341)

From the foc for the output gap we have,

2yi,gt = eλwλπw,it (342)

Substituting into the foc for wage inflation,

2²weλw πwi,t +
2eλw∆yi,gt − λrw,it = 0 (343)

PLacing in the foc for real wages,

−λλπ,it + 2yi,gt +
2²weλw (πwi,t − βEtπ

w
i,t+1) +

2eλw (∆yi,gt − βEt∆y
i,g
t+1) = 0 (344)

Then using the foc for price inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 + λrw,it = 0 (345)

Eliminating lagrange multipliers,

2²

λ
πi,t+

2²weλw πwi,t+
2eλw∆yi,gt +1λ

µ
2∆yi,gt +

2²weλw (∆πwi,t − βEt∆π
w
i,t+1) +

2eλw (∆2yi,gt − βEt∆
2yi,gt+1)

¶
= 0

(346)
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Can eliminate the dynamics in wage inflation using NKPC for wage inflation.

πwi,t − βEtπ
w
i,t+1eλw = (1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t (347)

to obtain,

²

λ
πi,t+

²weλw πwi,t+ 1eλw∆yi,gt +1λ
µ
∆yi,gt + ²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t ) +

1eλw (∆2yi,gt − βEt∆
2yi,gt+1)

¶
= 0

(348)
This describes pre-commitment policy for all cases in the small open economy.
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Appendix 5 - Optimal Precommitment Under
EMU.
EMU - All Fiscal Instruments
With all fiscal instruments available the tax instruments imply, eλwλπw,it = 0

and λπ,it = 0, such that we can rewrite the focs as, real wages,

λrw,it − βEtλ
rw,i
t+1 = 0 (349)

The remaining first-order conditions are for inflation,

2²

λ
πi,t − β−1λy,it−1 + λrw,it = 0 (350)

The foc for wage inflation is given by,

2²weλw πwi,t − λrw,it = 0 (351)

All that remains is the foc for the government spending gap,

2

χ
gi,gt − λy,it + β−1λy,it−1 = 0 (352)

and the output gap,

2(1 + ϕ)yi,gt + λy,it − β−1λy,it−1 = 0 (353)

Combining the last two conditions yields the fiscal spending rule,

(1 + ϕ)yi,gt +
1

χ
gi,gt = 0 (354)

which is slightly different from the small open economy case. Using the focs for
price and wage inflation,

2²

λ
πi,t − β−1λy,it−1 +

2²weλw πwi,t = 0 (355)

Substituting this into the foc for the output gap,

2(1 + ϕ)yi,gt +
2²

λ
(βEtπi,t+1 − πi,t) +

2²weλw (βEtπwi,t+1 − πwi,t) = 0 (356)

Quite different dynamics from the open economy case. Why?
The final target criteria isimplied by,

λrw,it − βEtλ
rw,i
t+1 = 0 (357)

55



2²weλw πwi,t − λrw,it = 0 (358)

which imply,
πwi,t = βEtπ

w
i,t+1 (359)

which in turn implies the following income tax rule,.

(1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ it)

g) = 0 (360)

As a result the target criterion simplies to,

(1 + ϕ)yi,gt +
²

λ
(βEtπi,t+1 − πi,t) = 0 (361)

Using the NKPC to eliminate the dynamics in inflation we get our VAT fiscal
rule,

(1 + ϕ)yi,gt + ²(ln(1− τ i,st )
g − rwi,gt ) = 0 (362)

Therefore our policy configuration is a government spending rule,

(1 + ϕ)yi,gt +
1

χ
gi,gt = 0 (363)

the income tax rule,

(1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ it)

g) = 0 (364)

which eliminates wage inflation, and VAT tax rule,

(1 + ϕ)yi,gt + ²(ln(1− τ i,st )
g − rwi,gt ) = 0 (365)

Without the national monetary policy instrument we can no-longer offset all
shocks completely. Instead the income tax rule will eliminate wage inflation,
government spending will adjust to ensure the optimal composition of output
and the sales tax will be adjusted to achieve the best trade-off between output
and inflation given that competitiveness will need to be restored once any shock
has passed.

EMU Case - VAT and Government Spending
Now we start dropping fiscal instruments. Let’s suppose we don’t have the

income tax instrument. The focs become, for the sales tax,

λλπ,it = 0 (366)

i.e. the price Phillips curve ceases to be a constraint on maximising welfare
-VAT tax changes can offset the impact on any other variables driving price
inflation. and for real wages,eλwλπw,it + λrw,it − βEtλ

rw,i
t+1 = 0 (367)

56



The remaining first-order conditions are for inflation,

2²

λ
πi,t − β−1λy,it−1 + λrw,it = 0 (368)

The foc for wage inflation is given by,

2²weλw πwi,t + λπ
w,i
t − λπ

w,i
t−1 − λrw,it = 0 (369)

All that remains is the foc for the government spending gap,

2

χ
gi,gt + eλwλπw,it − λy,it + β−1λy,it−1 = 0 (370)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 = 0 (371)

Combining the last two conditions,

2

χ
gi,gt + 2(1 + ϕ)yi,gt − eλwϕλπw,it = 0 (372)

Inserting into the foc for wage inflation,

2²wπ
w
i,t +

2

ϕχ
∆gi,gt + 2

(1 + ϕ)

ϕ
∆yi,gt − eλwλrw,it = 0 (373)

Using the foc for real wages,

0 =
2

ϕχ
gi,gt + 2

(1 + ϕ)

ϕ
yi,gt + 2

²weλw (πwi,t − βπwi,t+1) (374)

+
2

ϕχeλw (∆gi,gt − βEt∆g
i,g
t+1) + 2

(1 + ϕ)

ϕeλw (∆yi,gt − βEt∆y
i,g
t+1)

Now consider the foc for price inflation,

2²

λ
πi,t − β−1λy,it−1 + λrw,it = 0 (375)

eliminating, λrw,it yields,

2²

λ
πi,t + 2

²weλw πwi,t + 2

ϕχeλw∆gi,gt + 2
(1 + ϕ)

ϕeλw ∆yi,gt = β−1λy,it−1 (376)
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Now consider foc for output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 = 0 (377)

and eliminate lagrange multipliers,

0 = 2(1 + ϕ)yi,gt (378)

−(1 + ϕ)

µ
2

ϕχ
gi,gt + 2

(1 + ϕ)

ϕ
yi,gt

¶
+
2²

λ
(βEtπi,t+1 − πi,t) + 2

²weλw (βEtπwi,t+1 − πwi,t)

+
2

ϕχeλw (βEt∆gi,gt+1 −∆gi,gt ) + 2(1 + ϕ)

ϕeλw (βEt∆y
i,g
t+1 −∆y

i,g
t )

Combining with the first target criterion,

0 =
2

ϕχ
gi,gt + 2

(1 + ϕ)

ϕ
yi,gt + 2

²weλw (πwi,t − βEtπ
w
i,t+1) (379)

+
2

ϕχeλw (∆gi,gt − βEt∆g
i,g
t+1) + 2

(1 + ϕ)

ϕeλw (∆yi,gt − βEt∆y
i,g
t+1) (380)

yields,

0 = 2(1 + ϕ)yi,gt (381)

−(1 + ϕ)

µ
2

ϕχ
gi,gt + 2

(1 + ϕ)

ϕ
yi,gt

¶
+
2²

λ
(βπi,t+1 − πi,t)

2

ϕχ
gi,gt + 2

(1 + ϕ)

ϕ
yi,gt

Simplifying,

0 = − 1
χ
gi,gt +

²

λ
(βEtπi,t+1 − πi,t) (382)

Using the NKPC this simplifies to,

1

χ
gi,gt = ²(ln(1− τ i,st )

g − rwi,gt ) (383)

This can either be interpreted as a government spending or VAT rule. Now need
second criterion function.

0 =
2

ϕχ
gi,gt + 2

(1 + ϕ)

ϕ
yi,gt + 2

²weλw (πwi,t − βEtπ
w
i,t+1) (384)

+
2

ϕχeλw (∆gi,gt − βEt∆g
i,g
t+1) + 2

(1 + ϕ)

ϕeλw (∆yi,gt − βEt∆y
i,g
t+1)
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Using NKPC for wage inflation,

− 2

ϕχ
gi,gt = 2

(1 + ϕ)

ϕ
yi,gt + 2²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t ) (385)

+
2

ϕχeλw (∆gi,gt − βEt∆g
i,g
t+1) + 2

(1 + ϕ)

ϕeλw (∆yi,gt − βEt∆y
i,g
t+1)

With only two instruments and four constraints, the precommitment pol-
icy implies a degree of both inertial and forward-looking behaviour typical of
analysis of monetary policy in the case of sticky wages and prices (see Woodford
(2003), Chapter 7 ).

EMUCase - IncomeTax andGovernment Spend-
ing
Now suppose now income tax the only tax instrument, The condition for

income taxes is given by, eλwλπw,it = 0 (386)

and, after imposing this in the remaining focs, for real wages,

−λλπ,it + λrw,it − βEtλ
rw,i
t+1 = 0 (387)

The remaining first-order conditions are for inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it = 0 (388)

The foc for wage inflation is given by,

2²weλw πwi,t − λrw,it = 0 (389)

All that remains is the foc for the government spending gap,

2

χ
gi,gt − λy,it + β−1λy,it−1 = 0 (390)

and the output gap,

2(1 + ϕ)yi,gt + λy,it − β−1λy,it−1 = 0 (391)

taken together these imply the following government spending rule,

1

χ
gi,gt + (1 + ϕ)yi,gt = 0 (392)

Taking real wages and the wage inflation condition together implies,

−λλπ,it +
2²weλw (πwi,t − βEtπ

w
i,t+1) = 0 (393)
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Using the wage inflation Phillips curve,

−λλπ,it + 2²w((1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ t)

g) = 0 (394)

Using in the price inflation foc,

β−1λy,it−1 =
2²

λ
πi,t+

2²weλw πwi,t+
2²w
λ
((1+ϕ)yi,gt −g

i,g
t −rw

i,g
t − ln(1−τ t)g) (395)

Substituting into the foc for the output gap,

0 = 2(1 + ϕ)yi,gt +
2²

λ
(βEtπi,t+1 − πi,t) +

2²weλw (βEtπwi,t+1 − πwi,t+1)(396)

+
2²w
λ
((1 + ϕ)(βEty

i,g
t+1 − y

i,g
t )− (βEtg

i,g
t+1 − g

i,g
t )

−(βEtrwi,gt+1 − rw
i,g
t )− (βEt ln(1− τ t+1)

g − ln(1− τ t)
g)

Using the definitions of the wage and price Phillips curves,

0 = (1 + ϕ)yi,gt − ²(rw
i,g
t )− ²w((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t − ln(1− τ t)

g)(397)

+
²w
λ
((1 + ϕ)(βEty

i,g
t+1 − y

i,g
t )− (βEtg

i,g
t+1 − g

i,g
t )

−(βEtrwi,gt+1 − rw
i,g
t )− (βEt ln(1− τ t+1)

g − ln(1− τ t)
g)

which is our dynamic income tax rule.

EMU Case - Government Spending the Only
Instrument
With only government spending as our available instrument, our focs be-

come, for real wages,

−λλπ,it + eλwλπw,it + λrw,it − βEtλ
rw,i
t+1 = 0 (398)

The remaining first-order conditions are for inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it = 0 (399)

The foc for wage inflation is given by,

2²weλw πwi,t + λπ
w,i
t − λπ

w,i
t−1 − λrw,it = 0 (400)
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All that remains is the foc for the government spending gap,

2

χ
gi,gt + eλwλπw,it − λy,it + β−1λy,it−1 = 0 (401)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 = 0 (402)

Combining the focs for government spending and the output gap,

2(1 + ϕ)yi,gt +
2

χ
gi,gt − eλwϕλπw,it = 0 (403)

Using in combination with expression for wage inflation yields,

2²weλw πwi,t + 2
(1 + ϕeλwϕ )∆yi,gt +

2

χeλwϕ∆gi,gt = λrw,it (404)

Using expression for real wages,

λλπ,it = 2
(1 + ϕ)

ϕ
yi,gt +

2

ϕχ
gi,gt (405)

+
2²weλw (πwi,t − βEtπ

w
i,t+1) + 2

(1 + ϕeλwϕ )(∆yi,gt − βEt∆y
i,g
t+1)

+
2

χeλwϕ (∆gi,gt − βEt∆g
i,g
t+1)

Now consider expression for price inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it = 0 (406)

Substituting all the elements,

β−1λy,it+1 =
2²

λ
πi,t (407)

+2
(1 + ϕ)

ϕ
∆yi,gt +

2

ϕχ
∆gi,gt

+
2²weλw (∆πwi,t − βEt∆π

w
i,t+1) + 2

(1 + ϕeλwϕ )(∆2yi,gt − βEt∆
2yi,gt+1)

+
2

χeλwϕ(∆2gi,gt − βEt∆
2gi,gt+1)

+
2²weλw πwi,t + 2

(1 + ϕeλwϕ )∆yi,gt +
2

χeλwϕ∆gi,gt
Now turn to the foc for the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 = 0 (408)

The can then be solved simultaneously to obatin the target criterion for govern-
ment spending. However this does not afford any real intuition.
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Appendix 6 - Adding Government Debt
Up till now we have financed any deficit between government spending and

distortionary tax revenues with a lump-sum tax. It is, however, interesting
to discover how relaxing the assumption that lump-sum taxation balances the
budget affects the use of fiscal policy as a stabilisation device.
Recall the home country consumer’s budget constraint,

PtCt +Et{Qt,t+1D(k)t+1} ≤ Πt +D(k)t +W (k)tN(k)t(1− τ t)− Tt (409)

D(k)t+1 is a random variable, whose value depends on the state of the world in
period t+1 i.e. it is the household’s planned state-contingent wealth. Note that
there is no household index on the household’s consumption. This is because the
complete set of asset markets implies all households face the same intertemporal
budget constraint and will choose the same consumption plan (this is discussed
more fully below). We can aggregate these constraints across households, to
obtain the private sector’s budget constraint in the home economy,

PtCt +Et{Qt,t+1Dt+1} ≤ Πt +Dt +WtNt(1− τ t)− Tt (410)

There is a unique stochastic discount factor which has the property,

At = Et[Qt,t+1Dt+1] (411)

where At is the end-of period nominal value of the household’s portfolio of
assets. If the household chooses to hold only risk-less one period bonds then
this condition becomes,

Dt+1 = RtAt

However, households will not only hold government bonds as they will wish to
hold a complete set of contingent assets (given the stickiness in wage and price
setting). The wealth Dt+1being transferred into the next period satisfies the
bound,

Dt+1 ≥ −
∞X

T=t+1

Et+1[Qt+1,T (ΠT +W (k)TN(k)T (1− τT )− TT ] (412)

with certainty, no matter what state of the world emerges. These series of bor-
rowing constraints and flow budget constraints then defines the intertemporal
budget constraint. It is normal to rule out no-Ponzi schemes which amount to,

∞X
T=t

Et[Qt,T (ΠT +W (k)TN(k)T (1− τT )− TT ] <∞ (413)

at each point in time across all possible states of the world. These can be
combined to yield the intertemporal budget constraint (see Woodford, 2003,
chapter 2, page 69),

∞X
T=t

Et[PTCT ] ≤ Dt +
∞X
T=t

Et[Qt,T (ΠT +W (k)TN(k)T (1− τT )− TT )] (414)
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Note what this implies. For all households to be consuming the same they
must have different initial holdings of wealth to compensate for differences in
expected incomes caused by stickiness in wage setting. However, this is exactly
what complete financial markets are designed to do. To the extent that future
incomes are less than other households they have received an insurance premium
to compensate for this and allow them to enjoy the same level of consumptuion.
Optimisation on the part of households then implies that these constraints hold
as equalities (otherwise they are missing out on consumption opportunities by
not fully exploiting their intertemporal budget constraints). Aggregating over
households would, in a closed economy, allow us to show the equivalence of
private and public sector budget constraints.
Noting the equivalence between factor incomes and national output,

PHY =WN +Π− κWN + τvPHYH (415)

we can rewrite the home country’s budget constraint as,

Dt = −
∞X
T=t

Et[Qt,T (PH,TYT − PTCT −WTNT (τT − κ)− τvPH,TYH,T − TT )]

(416)
Recall the goods market clearing condition in the home economy,

Y = (1− α)
PC

PH
+ α

Z 1

0

(
εiP

iCi

PH
)di+G (417)

Similar conditions exist in economy j,

Y i = (1− α)
P jCj

Pj
+ α

Z 1

0

(
εiP

iCi

εjPj
)di+Gj (418)

This can then be aggregated across member states,Z 1

0

εjPjY
jdj = (1− α)

Z 1

0

εjP
jCjdj + α

Z 1

0

Z 1

0

(εiP
iCi)didj +

Z 1

0

εjPjG
jdj

= (1− α)

Z 1

0

εjP
jCjdj + α

Z 1

0

(εiP
iCi)di+

Z 1

0

εjPjG
jdj

=

Z 1

0

εjP
jCjdj +

Z 1

0

εjPjG
jdj (419)

Integrating the budget constraints across economies and using this global market
clearing condition yields,Z

εiD
i
tdi = −

∞X
T=t

Et[Qt,T (

Z 1

0

Pi,TGi,T−Wi,TNi,T (τ i,T−κi)−τvi,TPi,TY iT−Ti,T )εidi]

(420)
with the nominal exchange rate fixed at its normalised value of 1 in monetary
union we get the expression in the main text.
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Appendix 7 - Optimal Commitment Policywith
Government Debt
Open Economy Case
The Lagrangian associated with the open economy case in the presence of a

national government budget constraint is given by,

Lt = E0

∞X
t=0

βt[
²

λ
π2i,t +

²weλw (πwi,t)2 + (yi,gt )2(1 + ϕ) +
1

χ
(gi,gt )

2

+λπ
w,i
t (πwi,t − βEtπ

w
i,t+1 − eλw((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t − ln(1− τ it)

g))

+λπ,it (πi,t − βEt{πi,t+1}− λ[rwi,gt − ln(1− τ i,st )
g])

+λy,it (y
i,g
t − g

i,g
t −Et{y

i,g
t+1 − g

i,g
t+1 + πi,t+1}+ (rit − r

i,n
t ))

+λrw,it (rwi,gt − πwi,t + πi,t − rwi,gt−1 +∆at)
+λb,it (b

i,g
t −Rb

i,g
t−1 −R(r

i,g
t−1 − πi,t)− bggi,gt − bτv ln(1− τ i,st )

g

+byy
i,g
t − bτ ln(1− τ it)

g + brwrw
i,g
t )]

where bg = G
i

B
i
1−γi,n
γi,n , bτv =

(1−τ i,s)Y i

B
i ,by = τi,sY

i

B
i + τrwiN

i

B
i −G

i

B
i ,bτ =

(1−τ i)rwiNi

B
i ,

and brw = τrwiN
i

B
i . The focs are given by, for the interest rate,

λy,it −Etλ
b,i
t+1 = 0 (421)

Here monetary policy must now take account of its impact on the government’s
finances.
In terms of national focs, we begin with the foc for the sales tax gap, ln(1−

τv)g,
λλπ,it − bτvλ

b,i
t = 0 (422)

Similarly, the condition for income taxes is given by,

eλwλπw,it − bτλb,it = 0 (423)

and for real wages,

−λλπ,it + eλwλπw,it + λrw,it − βEtλ
rw,i
t+1 + brwλ

b,i
t = 0 (424)

The remaining first-order conditions are for debt,

λb,it − βREtλ
b,i
t+1 = 0 (425)

which implies that, E0λ
b,i
t = λb,i ∀t . In other words policy must ensure that

the ‘cost’ of the government’s budget constraint is constant following a shock
which is the basis of the random walk result of Schmitt-Grohe and Uribe (2004).
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This also implies that the lagrange multipliers for the wage and price phillips
curves are constant over time too. The remaining focs are for inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it +Rλb,it = 0 (426)

wage inflation,
2²weλw πwi,t + λπ

w,i
t − λπ

w,i
t−1 − λrw,it = 0 (427)

the government spending gap,

2

χ
gi,gt + eλwλπw,it − λy,it + β−1λy,it−1 − bgλ

b,i
t = 0 (428)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 + byλ

b,i
t = 0 (429)

Combining the focs for price and wage inflation,

2²

λ
πi,t +

2²weλw πwi,t = 0 (430)

gives us the optimal combination of wage and price inflation. This essentially
describes the balance between wage and price adjustment in achieving the new
steady-state real wage consistent with the new steady-state tax rates required
to stabilise the debt stock following the shock. Taking the foc for the output
gap, we have,

2(1 + ϕ)yi,gt + λb,i(−bτ (1 + ϕ) + (1− β−1) + by) = 0 (431)

which defines the value of the Lagrange multiplier associated with the govern-
ment’s budget constraint which implies that the output gap is constant. Using
the focs for the two taxes in conjunction with the foc for real wages implies,

−2²
λ
(πi,t − βEtπi,t+1) + (brw + bτ − bτv)λb,it = 0 (432)

and,
2²weλw (πwi,t − βEtπ

w
i,t+1) + (brw + bτ − bτv)λ

b,i
t = 0 (433)

Using the NKPCs for price and wage inflation these can be rewritten as the
sales and income tax rules, respectively,

−2²(rwi,gt − ln(1− τ i,st )
g) + (brw + bτ − bτv)λb,i = 0 (434)

and,

2²w((1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ it)

g)) + (brw + bτ − bτv)λb,i = 0 (435)
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Finally the government spending rule is given by,

2

χ
gi,gt + (bτ − (1− β−1)− bg)λb,i = 0 (436)

which is again constant.

EMU Case:
The Lagrangian associated with the open economy case in the presence of a

national government budget constraint is given by,

Lt =

Z 1

0

∞X
t=0

βt[
²

λ
π2i,t +

²weλw (πwi,t)2 + (yi,gt )2(1 + ϕ) +
1

χ
(gi,gt )

2

+λπ
w,i
t (πwi,t − βEtπ

w
i,t+1 − eλw((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t − ln(1− τ it)

g))

+λπ,it (πi,t − βEt{πi,t+1}− λ[rwi,g − ln(1− τ i,st )
g])

+λy,it (y
i,g
t − g

i,g
t −Et{y

i,g
t+1 − g

i,g
t+1 + πi,t+1}+ (rt − ri,nt ))

+λrw,it (rwi,gt − πwi,t + πi,t − rwi,gt−1 +∆at)
+λb,it (b

i,g
t −Rb

i,g
t−1 −R(r

g
t−1 − πi,t)− bggi,gt − bτv ln(1− τ i,st )

g

+byy
i,g
t − bτ ln(1− τ it)

g + brwrw
i,g
t )]di

where bg = G
i

B
i
1−γi,n
γi,n , bτv =

(1−τ i,s)Y i

B
i ,by = τi,sY

i

B
i + τrwiN

i

B
i −G

i

B
i ,bτ =

(1−τ i)rwiNi

B
i ,

and brw = τrwiN
i

B
i . The focs are given by, for the union wide interest rate,Z 1

0

(λy,it −Etλ
b,i
t+1)di = 0 (437)

Here monetary policy must now take account of its impact on the union’s fi-
nances.
In terms of national focs, we begin with the foc for the sales tax gap, ln(1−

τv)g,
λλπ,it − bτvλ

b,i
t = 0 (438)

Similarly, the condition for income taxes is given by,

eλwλπw,it − bτλb,it = 0 (439)

and for real wages,

−λλπ,it + eλwλπw,it + λrw,it − βEtλ
rw,i
t+1 + brwλ

b,i
t = 0 (440)

The remaining first-order conditions are for debt,

λb,it − βREtλ
b,i
t+1 = 0 (441)

66



which implies that, E0λ
b,i
t = λb,i ∀t . In other words policy must ensure that

the ‘cost’ of the government’s budget constraint is constant following a shock
which is the basis of the random walk result of Schmitt-Grohe and Uribe (2004).
This also implies that the lagrange multipliers for the wage and price phillips
curves are constant over time too. The remaining focs are for inflation,

2²

λ
πi,t + λπ,it − λπ,it−1 − β−1λy,it−1 + λrw,it +Rλb,it = 0 (442)

wage inflation,
2²weλw πwi,t + λπ

w,i
t − λπ

w,i
t−1 − λrw,it = 0 (443)

the government spending gap,

2

χ
gi,gt + eλwλπw,it − λy,it + β−1λy,it−1 − bgλ

b,i
t = 0 (444)

and the output gap,

2(1 + ϕ)yi,gt − eλw(1 + ϕ)λπ
w,i
t + λy,it − β−1λy,it−1 + byλ

b,i
t = 0 (445)

Combining the last two focs,

2(1 + ϕ)yi,gt +
2

χ
gi,gt + (by − ϕbτ − bg)λb,it = 0 (446)

gives us a definition of the lagrange multiplier associated with the budget con-
straint, which also implies a constant relationship between the output and gov-
ernment spending gaps following a shock.
Consider the foc for the real wage,

2²weλw (πwi,t − βEtπ
w
i,t+1) + (brw + bτ − bτv)λ

b,i
t = 0 (447)

Using the NKPC for wage inflation we can obtain an income tax rule,

2²w((1 + ϕ)yi,gt − g
i,g
t − rw

i,g
t − ln(1− τ t)

g)) + (brw + bτ − bτv)λb,i = 0 (448)

Combining the wage and price inflation focs,

2²

λ
πi,t +

2²weλw πwi,t − β−1λy,it−1 +Rλ
b,i
t = 0 (449)

Use in the output gap equation and using the NKPCs to eliminate the inflation
dynamics gives us a sales-tax rule,

0 = 2(1 + ϕ)yi,gt + (by − ϕbτ + 1− β−1 + brw − bτv)λb,i

−2²(rwi,gt − ln(1− τvt )
g) (450)
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Need to get a government spending rule. Foc for output gap gives,

0 = 2(1 + ϕ)yi,gt + λb,i(−bτ (1 + ϕ) + (1− β−1) + by)

−2²
λ
(πi,t − βEtπi,t+1) (451)

−2²weλw (πwi,t − βEtπ
w
i,t+1)

While for government spending we get,

0 =
2

χ
gi,gt + λb,i(bτ − bg − 1 + β−1)

+
2²

λ
(πi,t − βEtπi,t+1) (452)

+
2²weλw (πwi,t − βEtπ

w
i,t+1)

Eliminating λb,i we obtain,

0 =
2

χ
gi,gt − 2(1 + ϕ)

(bτ − bg − 1 + β−1)

(−bτ (1 + ϕ) + (1− β−1) + by)
yi,gt

+
2²

λ
(1 +

(bτ − bg − 1 + β−1)

(−bτ (1 + ϕ) + (1− β−1) + by)
)(πi,t − βEtπi,t+1) (453)

+
2²weλw (1 + (bτ − bg − 1 + β−1)

(−bτ (1 + ϕ) + (1− β−1) + by)
)(πwi,t − βEtπ

w
i,t+1)

Using the NKPCs for price and wage inflation to eliminate the inflation dynamics
gives us our government spending rule,

0 =
2

χ
gi,gt − 2(1 + ϕ)

(bτ − bg − 1 + β−1)

(−bτ (1 + ϕ) + (1− β−1) + by)
yi,gt

+2²(1 +
(bτ − bg − 1 + β−1)

(−bτ (1 + ϕ) + (1− β−1) + by)
)(rwi,gt − ln(1− τ i,st )

g) (454)

+2²w(1 +
(bτ − bg − 1 + β−1)

(−bτ (1 + ϕ) + (1− β−1) + by)
)((1 + ϕ)yi,gt − g

i,g
t − rw

i,g
t − ln(1− τ it)

g)
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Appendix 8 - Variable Definitions
A− Productivity

C− Aggregate consumption bundle

C∗− Aggregate foreign consumption.

CF− Aggregate of goods produced abroad.

CH− Bundle of domestically produced consumption goods.

CH(j)− Good j within bundle of domestically produced consumption goods.

Ci− Bundle of goods produced in country i.

D− Nominal payoff from financial assets (including share of profits in firms)

εi− Bilateral nominal exchange rate with country i.

ε− Effective nominal exchange rate.

G(j)− public good j.

G− Aggregate provision of public goods.

N(j)− domestic labour employed by firm j.

Nk− Labour supplied by houshold k.

N− Aggregate domestic labour input.

P− Aggregate consumer price index associated with C

PH - Domestic price index associated with CH

πH− Rate of inflation in PH

PH(j)− Price of good CH(j)

Pi− Index of domestic prices in country i (in home country currency).

P ii− Index of domestic prices in country i in country i’s currency.

P ii (j)−Price of country i’s good j expressed in terms of country i’s currency.

P ∗− World price level (both consumer and output prices)

Qt,t+1− Stochastic discount factor measuring current certainty equivalent value
of an uncertain future payoff.

Qi−Bilateral real exchange rate.

Q − Effective real exchange rate.

69



Si− Bilateral terms of trade with country i.

S− effective terms of trade.

τ− Income tax rate

τv− Sales tax rate.

v− logged value of employment subsidy (1− χ)

W (k)− Nominal wage charged by household k.

W− Wage index for home country.

πw− Rate of inflation in W .

In the paper, lower case letters denote logged values of the associated levels
variable, n superscipts denote ‘natural’ values that would occur in the absence
of nominal inertia and ‘g’ denotes ‘gap’ varaibles - the difference between the
logged variable and its logged natural value.
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Appendix 9 - Parameter Definitions
1− α - weight on domestically produced goods in consumption - a measure of

home bias.

β− Consumers subjective discount factor.

²− elasticity of substitution between domestically produced goods (= price
elasticity of demand for domestically produced goods.

²w− elasticity of substitution between differentiated labour (= wage elasticity
of demand for domestically labour types.

η− elasticity of substitution between bundles of goods produced in foreign
economies (see equal to 1 for simplicity).

χ− weight on public goods in utility.

ϕ−labour supply parameter.

1− θp− probability of price adjustment in each period.

1− θw− probability of wage adjustment in each period.

µ− steady-state mark-up in domestic goods market.

µw− steady-state mark-up in domestic labour market.
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Appendix 10 - Matrix Representation of Model
The model can be represented in matrix form as,

A0xt+1 = A1xt +B0ut + εt

where xt is a vector of endogenous variables, ut are a vector of policy instruments
and εt a vector of schocks, all of which are defined as follows,

xt =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ln(1− τ it)
g

πwi,t
rwi,gt
gi,gt
εit+1
ait

yi,gt − g
i,g
t

πi,t
Etπi,t+1
Etπ

w
i,t+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ut =

⎡⎣ ln(1− τ i,st+1)
g

gi,gt+1
ln(1− τ it+1)

g

⎤⎦ and εt =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

εit+2
0
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 −1 1 0 0 1 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 0 1 0 0
0 0 λ 0 0 0 0 0 β 0

0 0 −eλw ϕeλw 0 0 (1 + ϕ)eλw 0 0 β

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 ρa 0 0 0 0
0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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B0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1
0 0 0
0 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 0 0
λ 0 0

0 0 eλw

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
This can then be solved to obtain the form used in Soderlind (1999),

xt+1 = Axt +But + εt

where A = (A0)−1A1 and B = (A0)−1B0. The first eight variables in xt
are considered to be predetermined, while the last two are jump variables. The
element of this representation which implies this is the EMU case is the dynamic
relationship,

yi,gt − g
i,g
t = yi,gt − g

i,g
t − πi,t −∆ait

which implies that the system must exhibit the property of price level control.
This is obtained from

yt = c
∗
t + gt + st (455)

and the definition of the terms of trade,

st = pF,t − pH , t (456)

= et + p
∗
t − pH,t (457)

after imposing the fixed exchange rate and assuming the shock hits country
i only. (Productivity enters by considering the change in the natural level of
output).
The open economy case has the same representation, but the output gap

can be considered a control variable from the point of view of the monetary
authorities. In this case the system would become (note the change in the
definition of xt) ..

xt =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ln(1− τ it)
g

πwi,t
rwi,gt
gi,gt
εit+1
at
yi,gt
πi,t

Etπi,t+1
Etπ

w
i,t+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ut =

⎡⎢⎢⎣
yi,gt+1

ln(1− τ i,st+1)
g

gi,gt+1
ln(1− τ t+1)

g

⎤⎥⎥⎦ and εt =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

εit+2
0
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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A0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 −1 1 0 0 1 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 λ 0 0 0 0 0 β 0

0 0 −eλw −eλw 0 0 (1 + ϕ)eλw 0 0 β

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 ρa 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

B0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 1
0 λ 0 0

0 0 eλw 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
The remaining variants considered in the paper can then be calculated by elim-
inating the controls no longer in use.
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Adding in debt the EMU model becomes,

xt =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

bi,gt
ln(1− τ it)

g

πwi,t
rwi,gt
gi,gt
εit+1
ait

yi,gt − g
i,g
t

πi,t
Etπi,t+1
Etπ

w
i,t+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ut =

⎡⎣ ln(1− τ i,st+1)
g

gi,gt+1
ln(1− τ t+1)

g

⎤⎦ and εit =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
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0
0
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1 (1−τ i)rwiN
B
i

i

0 τ irwiN
i

B
i (R− 1)− G

i

B
i

1−γn
γn 0 0 (R− 1) 0 0 0

0 1 0 0 0 0 0 0 0 0 0
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0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 λ 0 0 0 0 0 β 0

0 0 0 −eλw ϕeλw 0 0 (1 + ϕ)eλw 0 0 β
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0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 ρa 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
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B0 =
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i
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i 0 0

0 0 1
0 0 0
0 0 0
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0 0 0
0 0 0
0 0 0
λ 0 0

0 0 eλw
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Figure 1: Response to a 1% technology shock in an open economy with only
monetary policy as a policy instrument.
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Figure 2: Response to a 1% technology shock under EMU with no policy re-
sponse.
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Figure 3: Response to a 1% technology shock under EMU with all fiscal instru-
ments.
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Figure 4: Response to 1% technology shock under EMU with all fiscal instru-
ments and government debt.
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