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Abstract

Calvo contracts, which are the basis of the current generation of New Keynesian models, widely include
indexation to general inflation. We argue that the indexing formula should be expected inflation rather
than lagged inflation. This optimises the welfare of the representative agent in a general equilibrium
model of the New Keynesian type. This is shown analytically for a simplified model and by numerical
simulation for a full model with price and wage contracts as well as capital. The consequence of such
indexation is that monetary policy no longer has any effect on welfare.

1 Introduction

The theoretical basis for nominal rigidity set out by Calvo (1983) has been widely adopted in recent work of
the so-called New Keynesian type — also known as the New Neo-Keynesian Synthesis — see Clarida, Gali
and Gertler (1999). In the Calvo contract nominal rigidity can last indefinitely in the sense that there is a
limited chance for wage- or price-setters to change their setting in any period. Hence once a price or wage
is ‘out of line’ with its equilibrium there is a chance it will continue for ever. This has seemed an attractive
set-up for modellers who wanted a basis for nominal rigidity with substantial potential real effects.

Nevertheless recent work has exposed a variety of puzzles arising from this set-up. On the one hand
there are the apparently counter-factual implications of the theory noted for example by Mankiw (2001),
Mankiw and Reis (2002), Ball (1994), Fuhrer and Moore (1995), Bakhshi et al (2003), Rudd and Whelan
(2003) and Eichenbaum and Fisher (2003). On the other hand, a number of articles have pointed to the
time-inconsistency problems posed for policy. The essence of these problems lies in that indefiniteness of
duration for rigidity; once prices or wages have got out of line there is a strong incentive not to worsen matters
by causing yet more prices or wages to get out of line, even if commitments have been made to stabilising
prices or inflation along a particular initially-optimal path. A partial list of work that has addressed these
issues would include: Goodfriend and King (2001), Khan, King and Wolman (2002), Svensson and Woodford
(2003), McCallum (2003), Collard and Dellas (2003), and Woodford (2000).

More recently, it has been recognised (Erceg, Henderson and Levin, 2000; Christiano, Eichenbaum and
Evans, 2002 for example) that the uncompromising nominal rigidity in Calvo (1983) ought to be modified
to allow for some indexing process whereby general inflation is passed through by wage/price-setters. The
argument has been that the chances of changing price identified in the Calvo model relate to the changing of
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a relative price, for example on the grounds that some micro menu cost threshold is stochastically disturbed
by some micro event. If then there is some general ongoing inflation this would be passed on by all including
those who would not on micro grounds wish to change their relative price. Thus the ‘menus’ outside the
restaurants are all uprated for general inflation; some individual menus are then raised more or less than
that according to micro shocks. Two specific ways have been widely pursued for doing this: indexing to
‘core’ inflation and alternatively to lagged inflation.!

It is not our intention in this paper to add to the literature of optimal policy under Calvo contracts.
Rather our contention is that the indexing modification is correct but has been incorrectly implemented: the
Calvo contract should instead be indexed to expected inflation. We argue the case for this in what follows
and show that should this be adopted the puzzles we have referred to for optimal policy are eliminated, as
the Calvo contract model defaults to something similar to the familiar ‘surprise’ Phillips Curve model of
Lucas (1972) and Sargent and Wallace (1975). Minford and Peel (2004) showed how, in a partial equilibrium
context, it was optimal for a price-setter to index to expected inflation rather than to any other index. Here
we generalise that argument to a general equilibrium set-up.

We base our analysis on the general equilibrium model proposed by Canzoneri et al. (2004) with op-
timising agents, staggered wage and price setting, capital formation and an empirically estimated rule for
the central bank’s interest rate policy. Unlike the indexation proposed by Erceg et al. (ibid.), here we show
that the Calvo contract should be instead indexed to (rationally) expected inflation. In this way agents will
optimise their expected relative price and wage responses with respect to micro shocks. We show that if
this optimal indexation is implemented, the Calvo contract implies rigidity only for relative prices, with the
general price level moving flexibly with the pressures of monetary policy and productivity; monetary policy
then turns out to be irrelevant to welfare. We show these results at first analytically in a much simplified
version of the model; the model’s complexity makes analytical treatment intractable beyond this case. We
then proceed to show the results generally via numerical simulations on a calibrated version of the full model.

1.1 Preliminaries

We begin heuristically by taking up the discussion of this issue in Woodford (2004). Woodford argues much
as above that contracts should be indexed. Indexing, as he points out with the aid of simulations on a basic
benchmark model, both raises the persistence of inflation (and output) and lowers the effect of inflation on
output. The resulting simulation properties are, he argues, attractive and he supports this sort of indexing
accordingly — in this context we should note that Christiano, Eichenbaum and Evans (2002) have also built
more elaborate models of this type which appear to replicate the impulse response functions to monetary
shocks found in the data.

Woodford argues that indexing to current prices, which would plainly be best for economic agents, is
infeasible both because the costs of collecting the data so quickly would be prohibitive and also the costs
of implementing the indexation process would be too high. Such an issue is not however new. In market-
clearing models agents ’index’ their relative price choices to expected inflation available at the time; thus
workers for example in the new classical model of labour supply (of Lucas and Sargent and Wallace) supply
labour at wages chosen with reference to expected prices, the expectations being formed on the basis of
currently generally available information. The point of such expectations is to allow for movements in the
general price level in a manner that does not cause excessive costs of information-gathering and processing.
Thus it would seem quite plainly that expected prices would also be available as a low-cost instrument for
contract-makers to index their price-setting to. Woodford did not consider this alternative. However, it
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too has interesting and possibly attractive properties. We show below (last section) the model simulations
obtained in the Canzoneri et al model by indexing to expected inflation, side by side with the simulations of
the other models- viz none and lagged inflation.

As we will see the simulation properties differ dramatically. Inflation and output persistence fall to zero
and a monetary shock causes an inflation and output surprise only. These are well-known 'new classical’
features. It may be found surprising that the Calvo model can generate these properties but we explain
this further below. It may also be objected that the model cannot in this form fit empirical data; that is a
different issue with which we do not grapple in this paper. However, we would argue that this is far from
being the case as is shown for example by the performance of new classical models on UK data (Minford,
Nowell, Sofat and Srinivasan, 2004 where it is shown that the inflation persistence characteristic of UK data
for much of the post-war period can be accounted for with a new classical model and so can its variations
across monetary regimes, including its effective disappearance under the inflation targeting regime since
1992).

Our aim in this paper is rather to argue that on purely theoretical grounds this mode of indexation is
desirable and thus that if New Keynesian models are to be regarded as the product of optimisation then they
should include this ’rational indexation’. We assume that it is feasible on grounds of costs of information-
gathering and processing. This does not seem a hard assumption within the general context of these models
which assume rational expectations together with necessary current macro information (about interest rates
and therefore also output and inflation) in order for agents to form expectations of future inflation and
output.

It might conceivably be the case that indexing to lagged inflation would give better welfare results for the
representative agent than indexing to expected inflation. It is unlikely since lagged inflation here is acting as
a forecast of general inflation for agents unable to current actual general inflation: the rational expectations
forecast is unbiased and has the lowest variance of all available forecasts, including in this context lagged
inflation. In the rest of this paper we show that, essentially for this reason, indeed it is the case that indexing
to expected inflation gives better welfare results than indexing to lagged inflation. In this situation it would
be rational for agents to index their contracts to expected, rather than lagged,. inflation.

In what follows we begin by setting out the Canzoneri et al model in its entirety but allowing for full
indexation. We then proceed to examine a simplified and loglinearised version to and to show that it is
demonstrably optimal for agent’s welfare within it to index to rationally expected prices; the alternative we
focus on primarily is lagged inflation .We then show the same result numerically within the full model. We
conclude briefly with some implications of this result for New Keynesian models.

2 The Model With Indexation

The model used is a nonlinear NNS model (Canzoneri et al, ibid.), characterized by optimizing agents,
monopolistic competition, nominal inertial and capital accumulation. It is very closely related to the models
of Erceg, Henderson and Levin (2000) and Collard and Dellas (2003). Staggered price setting leads to a
dispersion in the firms’ prices that creates an inefficient variation in output levels across firms, and staggered
wage setting leads to dispersion in the distribution of employment across households. The key equations of
the model are presented in this section. However, here we include in the model the indexing variable, P;;
further details are shown in a technical appendix.

2.1 Firms’ price setting behaviour

We assume there is a continuum of monopolistically competitive firms indexed by f on the unit interval. They
produce differentiated goods. Instead of assuming that household has the problem of choosing the optimal
quantity of each differentiated good Y;(f) for f € [0,1], we assume, as in Chari, Kehoe and McGrattan



(2000 ), the artifice of a competitive bundler: the bundler combines these firms’ goods Y;(f) at the prices
P,(f) into a single product. The bundler acquires the goods in the same proportions as households and the
government would choose, and then sells this single product to households and the government, as either a
consumption good or capital good. Therefore, the bundler’s demand for each differentiated good f is equal
to the total demand .

The combined output Y; is assembled using a constant returns to scale technology of the Dixit and Stiglitz
(1977) form:

p

1 (¢p—1) m
Y:[/ Yilf) 34 , (1)

where ¢, > 1 is the constant elasticity of substitution.

The output bundler chooses the bundle of goods that minimizes the cost of producing a given quantity
of output index Y;, taking the prices P:(f) of the goods Y;(f) as given. The bundler sells units of the output
index at their unit cost P; (aggregate price index):

P, = [ /0 1 Pt(f)(l%)@f} v 2)

The bundler’s demand for each good Y;(f) — or equivalently total household demand for this good — is
given by

= |5 %Yt )

Each differentiated good is produced by a single firm that hires capital K;_1(f) 2 and a labour N;(f)
at the rental rate R; and wage rate W; respectively. Every firm faces the same Cobb-Douglas production
function, with an identical level of total factor productivity Z;:

Yi(f) = ZeKeea ()" Ne(£)" (4)

where 0 < v < 1. Here, we assume that Z; follows a simple auto-regressive process: log Z; = plog Z;_1+¢p .
The firm chooses an optimal bundle of capital stock and labour services in order to minimise its cost:

R v N(f)

Wt o 1 — UV Kt—l(f) (5)

and the firm’s marginal cost can be expressed as a function of total productivity, the rental rate and the
wage index:

1 RYW}™
v(1l—-v)d-v) 7,

MC(f) = (6)

To introduce nominal price stickiness in to the model, we assume that firms set prices according to Calvo
(1983) but subject to the ability to change all prices in line with an indexing formula, P; The price-setters
operate under imperfect competition where if prices were flexible they would be continuously set as a mark-
up on marginal cost. However, prices are rigid. That is, forward-looking firms are allowed only periodically
reoptimize their prices, so they incorporate higher future expected real marginal costs into their reset prices

2K¢—1(f) is the firm’s demand for capital in period t. The aggregate capital stock is predetermined at the beginning of the
period t.



in order to maximise the stream of profits. They do this, because they may not be able to raise prices
when the higher marginal costs come. Therefore, the setting is as following. In each period, a firm faces a
constant probability, 1 — «, of being able to reset its price level. This provides the average duration of a price
contracts is (1 — a)~! periods. Whenever the firm is not allowed to reset its price level, it sticks to its old
one. For simplicity, it assumes that the firm’s ability to reoptimise its price is independent across firms and
time. Therefore, a constant fraction (1 — «) of firms are allowed to reset their contracts prices each period.
However, all prices additionally rise with the general price index formula, E.

If firm f gets to reset a new contract in period ¢, it chooses a new price P;*(f) to maximize the value
of its profit stream over states of nature in which the new price is expected to hold (note that the price
prevailing at each period j will be P} ( f)]SJ)

B3, (@B N [P (DBY; () = TG (f)] (")

where TC(f) is the firm’s total cost, 3 is the household’s discount factor , and J; is the households’ marginal
utility of nominal wealth. The first-order condition for a price-setting firm is:

PB;

Pr=py,—
t Mp PAt’ (8)
where p,, = ¢—¢51 is a monopoly mark-up factor and
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In the special case of flexible prices (where no indexing is necessary), all firms set their prices every
period (o — 0), then P(f) — p,MC;(f). Since y, > 1, output will be inefficiently low because the
monopolistic competition exists in the market. The expectations operator Fiziy; = E(x4q; | ®4—1) where
®, is information (macro and micro) for period t. Notice that the expressions for PB; and PA; involve solely

real variables and relative prices, viz. )\jlngj = (gj—?), %j_(f) and (%).
i Ci i i

2.2 Households’ wage setting behaviour and capital accumulation

We assume that a continuum of monopolistically competitive households, indexed by A on the unit interval,
who supply differentiated labour services to the production sector. Firms regard each household’s labour
services Li(h), h € [0,1], as an imperfect substitute for the labour services of other households: thus the
labour market has a form of monopolistic competition. Again, we assume the artifice of a competitive
bundler, who assembles all households’ labour supplies L;(h) at the wages W;(h) in the same proportions as
firms would choose. Thus, the bundler’s demand for each household’s labour is equal to the sum of firms’
demands. The labour combination N; has the Dixit-Stiglitz form:

1 (Pyp=1) T
mULma%aﬂ o> 1 (11)
0



The labour bundler is given each household’s wage rate Wi(h) and has to choose an optimal amount
of labour service so that it minimizes its total cost, and then sells units of the combined labour to the
production sector at their unit cost W; (aggregate wage index):

W, = [ /0 1 Wt(h)1¢«”6h] o (12)

The bundler’s demand for the labour hours of household A (total demand for this household’s labour by
all goods firms) is given as:

W P
rm = (i) M (13)
The utility of household is:
[e%S) T—t 1 1-6 1 1+x
max Uf(h) = EtZT:t/g 1—_007—“1) — mLT(}l) y (14)

where C(h) is the household’s consumption of ¥;, and the second term on the right hind side of the equation
reflects the disutility of work®. 6 is the coefficient of relative risk aversion. Lucas (2003) focused on this
parameter, arguing that the welfare cost of fluctuations in consumption are negligible unless 6 is very high.
However, here the model assumes a log utility function , where § = 1. 1/x is the Frish elasticity of labour
supply. The household h maximizes (14) subject to its budget constraint, its labour demand curve (13), and
its capital accumulation constraint.

Household h’s budget constraint in period ¢ states that consumption expenditures plus asset accumulation
must equal disposable income:

E¢[Avi41 B (W] + Pi [Co(h)] + I (h) + Ti] = By (h) + Wy (k) L{ (h) + ReE—1 (h) + Dy () (15)

where the first term on the LHS is a portfolio of state-contingent claims ( The number of (period ¢ + 1)
dollar claims in the portfolio,contingent on a given state’s occurring, times the stochastic discount factor,
Ay 1+1-the price of a dollar claim divided by the probability of the state); I, is the household’s investment
in capital, T; is a lump sum tax (used in the government constrain to balance every period, so that total
lumpsum transfers are equal to seinorage revenue), and the last three terms on the RHS are the household’s
wage, rental and dividend income. The household’s capital accumulation is given by:

2
Ky (h) = (1= 8) Koy (h) + I(h) — =4 {M - 5] Kot (B) (16)
27 | K1 (h)

where 6 is the depreciation rate, and the last term of this equation is the cost of adjusting the capital stock.

Households set wages in staggered contracts, under assumptions symmetric to those stated earlier for
price contracts. In any given period, each household gets a probability (1 — w) to reset their wage contract
but again subject to the indexation formula, P,. Whenever the household is not allowed to reset its wage
contract, the old contract wage remains in force apart from the indexing formula. The average duration of
the wage contract is (1 —w)~! periods. The probability of reoptimisation of wage contracts is independent
across firms and time, so that every period there is a constant number (1 —w) of households, who are allowed

3The utility function and budget constraint should include a term in real money balances, but following much of NNS
literature in assuming that this term is negligible. Since an interest rate rule is specified for monetary policy, there is no real
need to model money explicitly (Canzoneri et al.).



to reset their wage contracts. If household h gets to announce a new contract in period ¢, it chooses the new
wage W (k) to maximise its stream of lifetime welfare :

WB
W*(1+¢WX) =y t 17
t o WA[» ( )
where p,, = d)qb‘il is a monopoly markup factor, and
, ) S W B (140
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where A is the household’s marginal utility of nominal wealth. In the limiting case where w — 0, all
households are allowed to reset their wages each period, that is a flexible wage model (again with no indexing
required) Then Wi (h) = uw]:\]—{(, that is, the wage is a markup over the marginal disutility of work. Since
the markup is greater than 1, the labour supply will be inefficiently low in the flexible wage solution. When
wages are sticky (w > 0), wage rates will differ across households, and firms will demand more labour
from households charging lower wages. Canzoneri et al. set this model so that there are heterogeneous
agents, but assume complete contingent claims markets, that means that households are identical in terms
of their consumption and investment decisions*. So, in equilibrium, aggregate consumption will be equal
each household’s consumption and to per capita consumption: C; = fol Ci(h)0h = Cy(h) fol h = Cy(h). The
same is true for aggregate capital stock.

So, we can write the equilibrium versions of the households’ first order conditions for consumption and
investment in terms of aggregate values (where § = 1, making the welfare function into a log-linear function):

1
(Ct) A = _Pth (20)
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I
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2
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where \; and ¢, are the Lagrangian multipliers for the households’ budget and capital accumulation con-
straints, and 7; is the return on a ’risk free’ bond.

4The FOC for Biri1(h) is: Agp41 = A;\tbﬁ?% where A¢(h) is the marginal utility of wealth. All households face the same

discount factor, A¢t41; so if all households have the same initial wealth, A¢(h) = A¢, for all h. First order condition for
Ci(h), It (h) and K¢(h) are identical for all h.




2.3 The aggregate price and wage levels, aggregate employment and aggregate
output
The aggregate price level is:

1
1 1—oyp

P = UJOO Pt(f)l—%af] T i(l —a)d! (pt*fj(f)é)lﬂﬁ" : (24)

i=0 =0
since the law of large numbers implies that (1 — a)a’ is the fraction of firms that set their prices t-j

periods ago, and have not got to reset them since.
Equation (24) can be rewritten as:

1— 1-¢,
(5) Y P ) 4 <Ift‘1> (25)
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We may convert this into an inflation equation as follows:

1-¢, *D (1_¢p) D 1-¢,
() <>(;;_P) (PP) 26)

Similarly, the aggregate wage (12) can be written as

W 1—¢, W 1-9,
<Tt) = (= b | == (27)
Pt Ptfl

The aggregate output is given by:

B ZiKY (N}

Y, = 28
¢ DP, ’ (28)

where Ny = fol N:(f)Of is aggregate employment; Ky 1 = fol Ki_1(h)Oh = fol K;_1(f)0f is the aggregate

—¢
capital stock; and DP, = fol (ﬁ) ! df is a measure of price dispersion across firms and can be written
t t

as:
DPf = (1 — a) (L>¢p +o < Pt >¢p ~]5t - D‘Pf—l (29)
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The inefficiency due to price dispersion can be seen in equation (28). Each firm has the same marginal
cost; so consumers should choose equal amounts of the firms’ products to maximize the consumption good
aggregator (4) for a given resource cost. If prices are flexible (a = 0), then P,(f) = P,, for all f, and this
efficiency condition will be met; if prices are sticky (« > 0), then product prices will differ, and consumption
decisions will be distorted. This distortion is illustrated by equation (28).

2.4 Monetary and fiscal policy

Monetary policy is given by empirical specifications (Canzoneri et al. used the data over the Volcker and
Greenspan years 1979:3 -2003:2):



ip = 0.222 + 0.82i,_, + 0.35552m, 4 0.032384 (output gap), + €., (30)

Py
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sense, because it is not the one that derived from maximizing the expected utility of the representative
household. Rotemberg and Woodford (1998) showed that a simple interest-rate feedback rule, having the
response to the inflation and output) does almost as well as a more complicated rule which is optimal in their
maximising expected utility framework (this model has only price stickiness, however, we still can base our
rule specification on this argument). Canzoneri et al. say that the interest rule and its estimation doesn’t
show clearly how the rule should be interpreted in this NNS model. The reason is that the model cannot
provide estimates of potential output. Therefore, output gap is defined as the difference between actual
output under Calvo setting and output that would prevail in the flexible wage/price solution (Neiss and
Nelson, 2003).
Unlike the original paper, we omit the fiscal shock:

where m; = log( ) and €;, is the interest rate shock. However, it is not optimal in the normative

log Gy = €44, (31)

because we are not so interested in the responses of variables when the fiscal shock happens. Also, Can-
zoneri et al. concluded that government spending shocks do not have much effect in the model and maybe,
government spending shocks have not been modelled correctly.

2.5 Welfare

Our measure of welfare is

= 1
U, = E, Z gt [log C,— ——AL.|, (32)
S (1+x)

where C; is per capita consumption, and AL, = fol Li(h)**X0h is the average disutility of work.

If wages are flexible (w = 0), then Wy (h) = W, for all h, and firms hire the same amount of work from
each household. Therefore, AL; = fol Li(h)1T™x0h = Ly(h)'1Tx fol Oh = Ly(h)!™X for all h because all the
households are identical. The measure of welfare U, = Uy(h) (equation 14).

If there is a nominal wage rigidity (w > 0), then the dispersion of wages will make firms hire different
amount of work from each household. This creates an inefficiency similar to the inefficiency due to price
dispersion. This distortion is included in the AL term (appendix ):

AL, = N}"™XDW, (33)
=\ —Pw(1+X) —6,,(14x) ~ — ¢ (14X)
Wi (h)P, Wi_ P,
DW, = (1 —w) (%) +w ( V;j) <]5 : ) DW,_4, (34)
/ t—1
5\ P (14X)
where DW; = fol (%?P") Oh is a measure of wage dispersion.

As is usual in these models we assume that the flexible/wage equilibrium provides the optimum welfare
with subsidies (financed by lump sum transfers) offsetting the average monopolistic distortions in the labour
and product markets. We now go on to show that the choice of indexing scheme is optimised by indexing to
expected price inflation.



3 An analytical treatment of a model with exogenous capital and
a competitive labour market

As this model is complex and nonlinear, we investigate a much simplified version in which capital is exogenised
and made a non-tradeable endowment resource, while the labour market is assumed to be competitive. Also,
all the equations are loglinearised, as follows.

(1) Each firm is a price-setter, which forms the expectation of its price for period ¢ based on micro
information of period ¢ and macro information of period (¢ — 1) . Each firm f minimises its total cost subject
to its production function:

TCt(f) = WtLt(f)
stY(f) = ZK'Li(f)*"

where K is exogenous and log Z; = p;log Z;_1 + 2. The labour demand function is derived from the above
production function:

L(f) = (%) =

The firm’s cost minimising problem implies

OTCy(f) _ OTCY(f) OL(f) _ 1 1

MCy = —= = — = WiLi(f) ——
CETow)  on) owith -0 U gk
The loglinearised real marginal cost is then
logme; = log MCy — log P, = log Wy — log Py + vlog Ly(f) — log Z; (35)

As regards to households, each of them maximises the life-time expected welfare subject to its budget
constraint and labour demand, but without the capital accumulation constraint in this simple set up. How-
ever, beside the assumption of fully complete contingent claims that make the households homogeneous in
their consumption decisions, the competitive labour market means they are homogeneous in labour supply
also. The welfare maximisation implies every household supplies N;* units of labour:

Wi
N} =
L RG
and its log-linear form is given as
x log Ny = log W, — log P, — log Cy (36)

The competitive labour market also means that in equilibrium the supply of and demand for labour must
be equal so that the equation (35) becomes

log me, = log MCy — log P, = log Wy — log P, 4+ vlog Ny — log Z,
(2) The production function is given as:
logY; =log Z; + (1 — v) log Ny (37)
(3) Ignoring government spending, the market clearing condition gives

logY; = log Cy (38)
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(4) To represent the role of money, we use a simple cash-in-advance set-up (in which the inflation tax for
convenience is refunded to consumers so that its effect on leisure choice is thereby suppressed) so that

log My =logY; + log P, (39)

where log M; = pylog M1 + py.
(5) the new reset price level, given by equations (8),(9) and (10) is:

. ¢,+1 -
[e'e] —_ C,‘ ) P
By By ARy (B) B

By (aﬁ)“APY( )¢p

P;(f) = :U“p

To loglinearise the renewed price, we use log X; = log EtEinoziZtH =22(1— a)ailog Zyy;. Therefore,
the log of price level around its equilibrium is:

- . . , é,+1 .
* By, (B TNy (B) R
log P = logu, +log 7
t
| B s NP ()
= logu, +log EtZ(aﬁ) ") D Y ( > P; | +1log EtZ(aﬂ)j_t/\jijj (%)
j=t J Pj j=t P
oo P bp e8] P $p—1
= logu, +log EtZ(aﬂ)j_tAjmchj (ﬁ) + log EtZ(a/B)j_tAij (#)
J

(1 - a8) (a) og (Ame; (),

-5 - ) @) e (4,75 (5)" )

= logpu, + Bi [Z32,(1 - aB) (aB)’ (log A, +logme; + 6, (log P; —log P}) +1ogY; )|
B, [232,(1 - ap) (o)’ (log A; +1ogY; + (8, — 1) (log P; — log 7;) )|

= logu, + E:352,(1 — af) (aB)’ (log me; + log P; — log Pj)

= logu, + Ex

(1-apf)E; (log mc; + log Py — log Pt>

log P} = b1 (40)
This can be rewritten using equations (35),(36), (37) and (38) (Appendix 3.1) :
log P/ = T ajB 1 B, T (logY; — log Z;) + log P, — log P, (41)

(6) The general price level, given from equation (26) is

_ \1-9, P\
Ptl %:(1704) (Pt*Pt> +Oé<~t 1> Pz‘l by
Py /
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The first order differential of this is:
~—Pp *(—0p) pl—9, * (1=95) 5=%p 0 5
(1—¢,) Py "op, = (l—a)(l—qﬁp)Pt( )p, ¢8Pt+(1—a)(l—¢p)Pt( ) B oB, +

+a(1-9,) (ﬁ

lfqbp B B
> B ab, +
Py

S 1 ~Pp 1=¢p 5Pp—2 95
a(l-¢,)P, —— P "oP,_ + PP 0B,
p o

t—1

then we divide the equation by (1 —¢,,) and also, assume that prices at equilibrium equal to 1 and %g—kfx* =

L.
X

Olog P, =(1—a)dlog P + (1 — a)@logpt + adlog P, + o |8log P,_1 — dlog ]St,l}

We take the integral to find the price:

-~ 1—a)ln Py
lnPt*IHPt:% (42)
It is equivalent to
mP ~mP=a(nPy~Py)+(1-a)np (43)

(7) To deal with the price dispersion variable DP;, we will use a conventional second order Taylor
expansion of log DP, where DP; is

) Pp e —
DP, = [(1-a) S0’ P2] [(1 —a) X2 P, (Z %)}

letting v = 1—¢,,.We assume that DP; = x;*y;, therefore In DP; = Inz;+Iny; and ln DP, = dInx+0Inyy,
?p (=
where z; = [(1 — @) 23200/ P;7,] ™ and y, = [(1 —a) Zi’iOO/’Pt,(i %)} .

12



Using dlogx = % gives

) Pp
alnxt = aln [(1 — O() Eiocoalpt*ji] ¥
[
¢p o i pD* -1 ipr(y-1
— oy O [(1-a) 220’ P77y (1-a)a Pt—(z )
- 1=0

¢P
[(1 —a) Zioioaipt*ji] o

P},

. *(v—2 00 i i p*(y—1) 4 *(y—1
+1§]°° ¢p0/' (’Y - 1)Ptg ) [Ei:()O/Ptji] - ¢path£Z )aL’YPtS :
5 2i=0 .
2 [Eioioalptjif
1 o PPyl prO7Y
+§2Zﬁ02?30 [ ¢P [t ’y % f? ’ apt*—iapt*—j
N’ B
i px(y—1 i p*(y—2 i D*
B SEINET AP Rl B SECINGY i) Y i P
=0 t—1 i=0 t—1 i=0 t—1
ip*(y=1) ,_jp*(v=1)
o'P o/ P
—7%028%, RS 7 - t2_‘7 P ;0P ;
{Zioioalpt—i]
= u® 0Py O Pr , + 1y S’ P ('R
Zzozfioaipt*ji T aT0 Efioa"’Pt*_Wi Zﬁoaip:ji
P Nl PP
o3 9 oo e’ h, OIn Py_,01n Py
[E?ioalpt*ji]
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(or; )"

(0 P;,)”

(44)



and

Olny;

dln [(1 —a) ijoaipt*_([%)}

(1 . a) Oti (7(,751,) P:_(;d)pil)apt*—i

00
2i:()

e oy ()
1 <—¢paip:(i_ p_l)ai (=) P:(i_%_l)) 2
+§Ei°io o) 2 (0P";)
{E?ioo‘lpti p]
p w(—pp—1) . “(—¢p—1)
1 i P s gy prl
+225% 5% [~ i () B OP;_,0P;
2 pr ()] 7
|:Ez'030alpt—L P:|
i *( bp ) i *(_¢P 2) ¢ +1-
—a*¢, P, 1 L' P, .
B —"— oy OFit 5% % o || (0B
Daeld A Yoot P T s gai P %)
% (7(% 1) 7 *( b 1)
T R e L
] 7 *( ¢P)
{Ei a'P, 2, }
it i pr—® ¢, +1—
ate P, " a'P,_."
- {ZOLGI Py @+ E u N e (51npt*7i)2

Efooaipt*(;%) EzDOOO‘lP( 2 552 gai Py )

2
i P raig Pl
'6, P 0l by P Oln P 0ln P (45)

B 3P Do S
{200 aip 7 P)}
=0 t—1

Evaluating this at P, =1 gives

Olnxy

and

dlny,

B2 ghpal (1—a)dln P, + = 2000¢ a(1-a)[(1-¢,) (1-a (1-a)—1] (9P} ,)?
—3% 0200, (1 — ¢, )a't (1 - a)? dln P, 0l Py (46)

= —Z‘i’io(ﬁpai (1-a)0lnP’,+ = ZOOO¢1) (1 —a) [qﬁP +1-— qbpai' (1- a)] (81nPt*7i)2

32 B2t (1 - a)’ 0l Py, 0 P (47)

14



therefore,
InDP;, = Inxz;+Iny =
= el (1-a) [(1-6,) (1-a (1 - ) + 9, ~ g,a' (1 - a)] (w7
—3%2 86,0 (1—a)? [ — ¢, + ¢, In P}, In P},

1 ) 3 * fe%s) 7 *
= 52;’20(%0/ (l1-a)[l-a'(1-a)](In Pt—z) = Y7202 0P +i(1—a)’In P}, InP; ;(48)

3.1 Solving the model under rational indexation

Our notation is as follows: E~lw, = E(x|®;_1); Fyry = E(x¢|®i_1,6,);2VF = 2y — E* oy , where ®;_; is
the full information set from period t-1 and ¢, is the limited information set available (to the agent forming
expectations) for period t.

We assume under rational indexation that

log P, = E (log P,|®y_1) = E* ' log P,
Applying this assumption to equation (43), we get:
E'log Py = —% (log Py — B'2log P,_y) (49)
and
E'"Yog P}, = E" 'E'log P}, = 0; Vi > 1
Using the rational expectation assumption and (49) , the new reset price is
log P} = E'"'log P} +log P;VF =1log P;UE — 7 il - log PY%, (50)

where from(43) (Appendix 3.2)
logPY® = (1 — ) logP;V " (51)

and from (41) and the assumption that firms have knowledge of their own micro information (productivity,
prices and costs) in period ¢ as well as the macro information of period (¢ — 1) :

log PPUY = log P} — E'"tlog P}

— (1-ap)Sizo (af)’ <1f

f) [E' M og Yy — E'log Zy4y)

—(1—ap) Bizo (aB)’ (1 i X) [E'"'og Yy — E' ' log Zy44)

1+x 1
= (1- — 2
(1= 08) (72 = () (52)
Hence, from (50), (51)and (52) the renewed price is rewritten as
1—alL
log P} =log V¥ — alog PYF = X,((l—a)) (=), (53)
-«
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where X' = (1 — ) (1 — af) ( V) ﬁ
This in turn implies two things:

~ . 1+ ~ ~ )
(1) B 'ogPr; = (1—af)Sim(aB) < X) [B'"Mog Yeyi — B'Mog Zpyi] ;=0 Vj > 1
& E7logYi, =E"ogZ, Vi1

1
(2) B og P = (1 - af) (%) (B logY, — B log Z,] = 71

Now we look at the output side of the model, where under rational expectations output consists of the
expected output and the surprise change in output. First, using equation (39) and (54), we get these two
components of the output equation:

—log PYE (54)

log PVE =log MV¥ —logY,V¥ (55)

and

1 1—
E'1ogY; = Bl log 7, — | —2 log PUE.
o8 4T \1-a) T=ap) 1+x o8

The former one states that the surprise change in output is due to the surprise change in the money
supply and the surprise change in the price level. While the expected output is a function of expected
productivity and some lagged surprise change in price of last period.

The latter equation is in turn written as follows, using (55)

E'"'ogY; = E" ' log Z, — v’ (log M5 —log VVY) (56)

where v/ = ( @ ) T=ah) aﬁ) (h;)
On the other hand, after an algebraic manipulation using (51) and (52), the unexpected component of

output is

log YUE log MtUE — log PtUE = p; + X'z, (57)

where ' = (1 —a) (1 — af) (i—f%) 1,;@1 iy = log My — pylog My and z¢ = log Zy — py log Zi—1.
Therefore, combining (56) and (57), output is ( appendix 3.3)

logy; = E'llogV; +1logVl¥ =
= plogZi 1 +v'X 21+ + X'z (58)
Next, we consider the difference between output and productivity:
logY; —log Z, = E'! (logY; —log Z;) + (log Y,V'¥ — 2;) (59)
where we know from equation (54) that
E'llog Pf = (1 —ap) <1 t X> [E'"'logY; — E'"'log Zy] (60)
and thus (appendix 3.4)
B! (log V; — log 7)) = —— (1 ) B llog P = — > 2, 1. (61)
045 1—aBp,
Therefore equation (58) is, based on (57) and (59)
logY; —log Z;, = #‘tﬁpl%_l + oy + X 2 — 2 (62)
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3.1.1 Welfare

Under the flexible price and wage assumption, the welfare level would be
ul'TEX = log 7, (63)
However, in the economy of price rigidity and competitive labour market, the welfare function is
u; = log C; — NX*log N, (64)

where log C; =logY; =log Z; + (1 — v) log Ny — log DP; and logN; = = (logY; —log Z;) .
We evaluate expected welfare in terms of its deviation from the flex-price optimum:
E (ut — quEX) = F (log C, — NX*llog N; — log Zt)
= E(logZ; + (1 —v)log Ny —log DP, — NXTllog N, — log Z)
logY; —log Z;

1—v

= F {(1—V—NX+1) —logDPt}

1—v— Nxtl o
= F _ "2y — — Flog DP, 65
{ =5 <1—aﬂp1Zt 1+ H + X 2 Zt):| og DI+ (65)

Notice that the unconditional mean of the first element in this expected welfare term is 0. So effectively
we only consider the second term, where it is known respectively from equations (48) and (53) that

F(u—uf') = —EmpR
- _%E?io@bpo/’ (1-a)[1-a'(1-a)]var (log P;)
FEGNE0,0 Y (1 - )’ Cov (log B log By )
and
log Pf = —X" 2 + ax" 21,

where " = % With variances and covariances of the renewed price derived in (appendix 3.5), the expected

welfare is now

o (L + a?
E (uy — quEX) = ¢, 2(1—i——a) +(1—a)? T var(z) (66)
3.2 Solving the model with lagged indexation
Assume that
log P, = B 'log P, + (klog Pi_y — E'"'log P,) (67)

where if k = 1 then there is lagged indexation log P, =log P,_1, and if k = 0 then there is a no indexation
and log P, = 0.
Using this assumption and equation (42), the general price is

(1—a)log Py

log P, = Et1 log Py +vi—1 + )
1—al
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where v,_; = klog P,_; — E'~!log P,. This equation can also be written as
(log P, — " 'log P;) — v¢—1 + avi_s — alog P/ = (1 — a)log P}
and taking the expectation E*~! throughout and manipulating this equation, we get expected renewed price

—vi_1 + av;_g — alog PUY

E'log P} = — (68)
Notice from equation (41) that
* 1- 05/8 1 + X ~
log P} = 1(_ aﬁle E, <1 — (logY: — log Z;) + log P, — logPt> (69)
therefore,
- . 1—af) 1+x
E'"llog P = 1(_01—53>1Et g, (1 — (logY: — log Z;) + log PtUE — vtl)

and from equation (52) that

14+ x
1—v

log 7L = (1= ) (12 ) {20 (70)

1—aBp,

3.2.1 Solve for log P, and log P}
Using the cash- in- advance condition (39) and (42), (69) is rewritten into

l—-a 1—ap
l1—aLl—-aBB-!

(1-—kL)logP, = Ey [x* (log My —log P; —log Z;) + log P; — klog Py_1]°

The solution for the general price level has the Wold decomposition form log P, = ¥;—om; 6y _; +2i=0&; 2t—i;
use undetermined coefficients to solve for log P; (appendix 3.6-3.7) . Also, the solution for v, is :

ve = klogP, — E'log Py,
= k(Simimipyy_; + Bim1&20—i) — (Simomis1tty_; + Bim0€ip126—i)
= B [(kmi — mig1) pe—s + (K — Eip1) 2e—i) (71)

Now we consider the difference between output and productivity once again.
logY; —logZ; = log M; —log P, —log Z,
= (logM{” —log P’'" —log Z{") + E'~" (log M; — log P, — log Z)

Pobe—1  p1Zi—1 [ TVi-1 + avi_o —alog PYRY ¢
Tl 1oy (0 —al) (I HD)

= (p+ X'z — z) +

(72)
3.2.2 Welfare
Expected welfare is
1—y—NXt1 ( «a P !y )
— — t—1 F X2 — 2 )
E(u —uf"PX) = E ' ' ab ' — Elog DP;. (73)

Pabe—1  prZe—1 7Vt71+0¢Vt—27alOgPtr—El
1—pyL 1—pip, (1-aL)(1-kL)
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Again, we only have to consider the second term in this welfare expression, where

—FElogDP, = —%E;’ioqﬁpai (1—a)[l—a' (1—a)]var (log P;_;)

+322 082 0,0 (1 — a)? Cov (log P} ;,1og P} ;)
with

/

y Vi1 — QUi
log P = 1>ia(—2t+azt71)— (M

T ) (appendix 3.8) (74)

and equation (71)

ve = Si—o [(kmi — mig1) s + (K& — €i41) 2e—i]

We have the following expressions: v,_; = klog P,_; — E*~!log P, is correlated with z;_1; but vy_s =
klog P,_o — E'"2?log P,_; is uncorrelated with z; and z;,_; Assume that AL — Yz + @,
where 1g2z;—1 combines all terms in z;_; and ¢;—; is uncorrelated with z;_; and z;, Comparing this with
the new reset price under rational indexation, this lagged indexation’s renewed price function has the extra
term % For the task below, we temporarily take the expected welfare under rational expectation
as a benchmark. To compare the expected welfare under lagged indexation to the benchmark, we need to
investigate whether this extra term in renewed price improves or worsens the expected welfare level in respect
to the benchmark. To do this, we break the comparison into two parts.

The first one involves all the elements with ¢;—1 in the expression for Flog DP;.

1 ) 3 *
ElnDP (q-1) = iEfiogbpof (1—a)[l—a'(1—a)|var (log P};)
—Z?’;()E;’i()qﬁpa”-j (1- a)2 Cov (log P, log Pt*fj)
= A(qi—1) + B(q-1)

Here, we only include in the variance of log P;* the terms in ¢;—; where ¢; follows some autocorrelation
process qi—; = pi—;qi—;, so that var (log P}[g:—1]) = var(q). Therefore

Ag-1) = var(q) (75)

o
Pl+a

We consider B (g;—1) now. First we assume that p; ; = 1; then

i=0; j=1,2..
a+a’+ ..
B(g-1) = —¢,(1— a)? BB pi_jvar (q) i 231;}044:3.%“
= _lj—La Lvar (q) (76)
Therefore
EInDP,(qi—1) =0 (77)
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However, if p;,_; < 1 for any i-j, then this term must be negative. Thus for example suppose that
Pij = p'~J so that ¢ is a first-order autocorrelation process, then:

1=0; j=1,2...
ap+a?p® + ..
B _ 1 2 10§10 i+j i—j 1= 1; j = 2, 3...
(qi-1) = _¢p( —a) j=0%4=0C “p “var (9) a3p+atp? + ...
ap(1—a)
= ————¢ var 78
As a result, the expected price dispersion is
« ap(l—a)
EWDP, (1) = ¢—— __all-a) o
nDP; (qi-1) ¢p1 ps (var(q)) 0+ a)(1—ap) o, var (q)
« 1-p
= ¢p1—|—a <1—ap> var (q) (79)

So comparing equations (76) and (79), we find that this term ¢,—; must raise F'log DP, this in turn
reduces the expected welfare.

The second part involves all other terms that are not ¢;—1, .that is the term v y2,—; .Thus it analyses the
effect of this term 1,2;—1 on expected welfare.. So looking at this part of log P/ :

/

log P{" (¢gzi—1) = o (az—1 — 2¢) + Vozi—1,

1—
we find
1 X .
EInDP;(Ygzi—1) = 52;’;0%0& (1-a)[1-a'(1-a)]var (logP;;)
fZ;?OZOEfioqﬁpa”j (1—a)®>Cov (log P;_;,1og P} ;)
= A(Yozi-1) + B(¢g2i-1).
With
e 2
Altgz-1) = by (X2 4 (o + X)) var(2)
and
a(l—a)
B(gzi-1) = %Hiax” (Yo + OéXN) var(z)
this part of expected price dispersion is
ElnDP; (Ygzi—1) = pl—?—La (XHZ + (Yo + ozx")2 +(1—a) X" (Yo + ocx")) var(z) (80)

Because of equation (80) is derived using the part of equation (74), which partly consists equation
for log P;* under the rational expectation indexing, we compare this equation (80) and the expected price
dispersion under rational indexing (equation (66)) :

ElnDF, = pliLa ( "2 4 (ax") +(1-a) ax"Q) var(z) (81)
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It follows that the difference between Eln DP; under lagged and rational indexation due to the term in

Yozt—1 18:0, T4 ((wo)z 1+ %]) var(z) from which it can be seen that for this term to worsen welfare

1+O‘)X”
Yo

under lagged indexation requires that ( should be positive (or if negative should be greater than

—1.which can effectively be ruled out). Now by construction 1, = ;== (k& — &;) so the (relevant sufficient)
condition for the term to worsen welfare is that &; > k&.
We can evaluate £ readily from the fact that:

log PP = (1= 0) (7 ) (T2 (20 = o )

Since X" = 11_1(—! and X' = (1 —«a) (11_;%[;1) (%) , X ==&, and §; = —x" (1 — a) . Therefore the first

term in 1) is
1

—

o (first term) = — 1 E(—x")1—a)=kx" >0 (83)

This leaves the second term lgj .which comes from the subsequent path of prices in the period after the

shock; this cannot be solved analytically as it involves solving for all the ; in the equation from appendix 3.6
(involving among other things finding the three stable roots of a fourth order difference equation). Here we
find it numerically using the calibration of Canzoneri et al; £; turns out to be —1.325 while ¢, is calibrated
at —1.5467. Therefore 1, = 0.67 > 0 which implies that the term in ¢2,—1 worsens welfare. though this
finding is plainly not general, it is shown in appendix 3.7 that it is robust. We conclude here that lagged
indexation with & = 1 worsens welfare, compared to that of the rational indexation set-up. because both
the term 1z;_1 and the term ¢;_; decrease welfare.

3.3 Conclusions from the analysis of a simplified model

What we have found is that it is robustly optimal within this simplified version of the model to index reset
prices to the rational expectation of the price level. This in turn implies that welfare is invariant to monetary
policy, as is expected output. in an echo of Sargent and Wallace’s (1975) famous irrelevance result three
decades ago 7 The intuition behind this result is that rational indexation builds into prices the effect of any
shocks known at time t-1. Whatever has happened at t-1 is, in the case of the productivity shock, built into
the expected real reset price for next period; this fixes expected real marginal cost and hence expected real
output. The expected price index is then calculated as the necessary price increase that will accommodate
this and the expected level of money supply. Thus the reset price is optimised apart from the effect of any
unanticipated shocks; it is only the latter that reduce welfare, whereas under lagged indexation welfare is
also reduced by the effects of previous shocks.

4  Simulation of the full Model

In addition to the analytical part above, we also use numerical methods to prove the point. We compute
the impulse response functions of the model’s variables under the different indexing processes in the face of
temporary productivity, unexpected and expected monetary shocks. Throughout the simulation, we use a

"Notice too that in a corrolary of this point, again echoing Sargent and Wallace (ibid.), price level determinacy cannot be
produced by an interest-rate rule targeting inflation unless the lagged price level is given; yet the model cannot generate such a
lagged price level under such a regime unless again the twice-lagged price level was fixed and so on ad infinitum. It is necessary
when using such a rule to specify the lagged price level exogenously via an initial condition, presumably indicating that at some
previous point a different rule was being pursued.
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discount factor 3 of 0.99. The Cobb-Douglas capital share parameter, v = 0.25, implies that the output-
labour elasticity is 0.75. The wage and price markup rates are y,, = u,, = 1.167. The constant probability
determining the degree of price stickiness is a = 0.67, this implies that an average price contract duration
is 3 periods, while the probability of wage resetting is assumed to be 1 —w = 0.25 in every period, implying
an average contract length of 4 periods. We use for work disutility in the utility function a coefficient of
0.25. These are the calibration parameters used by Canzoneri et al. Our simulations’ results are presented
graphically below. The impulse response functions show the mean value at each date after the initial shock
for each variable.

Firstly, Figurel shows the impulse response functions produced by a positive temporary productivity
shock that occurs in period 1. In all three cases, the rise in productivity initially causes a boom. However,
rational expectation indexing brings higher average output, consumption and employment than other two

indexation models.
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Figure 1: Dynamic paths after an unexpected 0.01 increase in productivity in period 1

While in Figure2 the impulse responses of negative productivity shock of the magnitude of 0.01 on main

variables seem to be mirroring what was in Figurel.

Secondly, we assume an unanticipated negative monetary shock: the interest rate increases in period 1.
In all three case, this contractionary policy causes recession, which eventually disappears. While the output,
employment and consumption under rational indexation return very quickly to their steady states, the other
two cases exhibit a degree of inertia. The response of inflation shows that the effect of the shock under
rational indexation dies out quickly, whereas the other two cases show a more gradual responses.

Figured shows the dynamic responses to an unanticipated expansionary monetary policy, predicted by
the three indexation cases. Again, they are mirroring the effects in Figure3.
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inflation (-zshock 0.01) output (zshock 0.01)
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Figure 2: Dynamic paths after an unexpected 0.01 fall in productivity in period 1

We now further investigate within the full model the key result from the simple analytical version:
that anticipated monetary policy has no effect on welfare when there is rational indexation. We show in
FigureSthe effect of an expected future monetary shock; namely the shock (unanticipated at time t) of a
monetary shock in timet + 5. What happens is that there is a shock to output and welfare at the time of
the shock’s announcement.but when the shock occurs at time ¢ 4+ 5 there is no effect.

Finally we show the model’s computations® under stochastic simulation of both monetary and produc-
tivity shocks for expected welfare in terms of deviations from the flex-optimum (the numbers are expressed
as a flow per quarter — i.e. ‘expected permanent welfare’). Table 1 shows that, in line with our analytical
version, rational indexation dominates lagged; the latter in turn dominates non-indexation.

Rational indexation 1.570x107°
Lagged indexation —0.961210~°
Non indexation —4.9232107°

Table 1: Table of expected welfare for different types of indexation (stochastic simulation of monetary and
productivity shocks, each with standard error of 0.01)

5 Conclusion

We conclude that the Calvo contract, which produces a variety of curious and puzzling results in its usually-
used form, should be adjusted for expected inflation which is the optimal indexing process for a rational
agent to use. The implications of the resulting model for monetary policy are radical: monetary policy ceases
to have any effect on welfare, in an echo of Sargent and Wallace’s (1975) famous policy irrelevance result.
We do not take this to imply that monetary policy necessarily has no such effect; however we do suggest
that for those who believe monetary policy does have such an effect, the New Keynesian model of the New
NeoKeynesian Synthesis variety is not a suitable vehicle.

8These numbers are all produced by Dynare (the slight positive for rational indexation is an anomaly that must be produced
by numerical approximation error; we are investigating this by other programming methods).
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Figure 3: Dynamic paths given an unanticipated monetary constriction in period 1

6 Appendix to Section 3

log Pf

(1-apf)E; (log mce; + log P, — log ]5,5)

1—aBB-!
35) L) _p (106 W, — log P, + vlog N; — log Z; + log P; — log P
( )TﬁB*l ¢ | log Wy —log I + v log Ny — log 2y + log I — log 17
1—af -
(36) —————F; ( xlog N; + log C; + vlog Ny — log Z; + log P; — log P;
1—apfB-1
1l—a logY; —log Z logY; —log Z ~
(38)(37)1a6§_1Et< g L,,g tx+(1ogy;—1oth)+u%+1ogPt—1ogPt)
N l-«a 1+ -
In P} = 1(_ aﬁgzlE"‘ <I_Z(lothloth)JrlogPtlogPt)
InP,—InP, = « (lnPt_l — lnI:’t_1> +(1-a)lnP <~
logP'? = a (lnPt_l - lnPt_1> +(1—a) <log pPrUE _ 1L log p}@‘f)
-«
logy; = E'llogY;+logYU¥ =

E'"og Zy — v (log M —1og V7)) + p, + X'z
Bt log Z; — v’ (.ut—l — M1 — Xlzt—l) + py + X/Zt

= plogZi1 +v'X 21+ p + X 2

24



inflation (sishock 0.01) ouput (ishock 0.01)
0035 0035
03] 003
005 | 0025 {
0.02 ’ ‘ 0.02 \
0.015 + 0.015 \
o] | 0] |
oos x| oos
V5 a s e 7 e s o e s s e w19 B S PR P
-0.005 5 -0.005 g
0.01 4 001 "
0015 0015
employment (ishock 0.01) consumption (ishock 0.01)
005 0.035
004 0.03
\ oo |\
00T 002 -4
ooz | oo | |
0o oot 1=
ol ooos{ |
o ltl2r a5 6 T8 oMLY LD 0 ‘-/_ -------------
v ooos |1 S 4 s 6 78 902151151607 1810 2
002 oon{ 4
0.03 -0.015
= RE index ~  ==7===="" Past index No index

Figure 4: Dynamic paths given an unanticipated monetary expansion in period 1

Manipulating equation (59) with the help of equations (54) and (52), we get

E" (logY;

and

E(

—log Z;)

Ut — Uy

1 [1-
N 1—a6<

1—v

> E'"'log Pf

l—aﬁ <1—|—X

1—v

)
mg(i;;)
) (-

l—ozﬁ <1—|—x

1- Oéﬁm
{HPX)y = —ElDP,
1 oo
= __Ei20¢p
+E2,%

(1) +(2)

log P}

)

?io¢pai+j (1- a)2 Cov (log P

(-2 ) o

( 1 a) (1—a)log P;YF

1

1—v

(1= ) (1= ap) (2)
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Therefore, var (log P_;) = (1+ o?) x"*var(z) and (1) is

(1) = —imes,0i(1-0)[1—a* (1-a)] (1+0%) Y Pvar(2)

L6, a) (14 0?) Y Pear (B [1 - o (1 - o)

1 2a
= 75(;5]) (1—a)(1+a?) )(”211617'(2)1_—a2
@ (1+ O‘2>
= —¢,X s var(z)
and (2) is
2) = ¢,(1—a)’ D220 E (log P log P;;)
[ i=0; j=1,2.. ]
o (—ax"?) var(z)
i=1; j=2,3.
= ¢,(1~— )’ | B (—ax"?) var(z)
2
= &, (1-a) mvar(z)
Thus,
1+ a? 1
E (uy —uf"PX) = —¢ 0 ”2(1—i——a) +(1-a) T var(z)

Firstly, under lagged indexation it is necessary to assume some simple money rule that is equivalent to
the Taylor rule, accommodating productivity and having the same autocorrelation coefficient p; : log M; =
pplog My_1 + dz + ;. (Under rational indexation the money supply rule is irrelevant to welfare as we
have seen).Then, using this, equations (39), (42) and (69) to find undetermined coefficients of the price level
log P; :

(1—a)log Py
1—al

(1 —a)logPf

log P, = log P; + T ol

=klogP,—1 +

(1 —a)log P
1—-kL)logP = ——
( ) log P, 1= ol
l—-a 1—-ap
1—aLl—-aBB-!

(1-kL)log P, = E; [x* (log My —log P, — log Z;) + log P, — klog P;_1]

< Due to the assumption that in period ¢ producers know both macro information from period (¢ — 1) and
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micro information in period ¢, the above equation is rewritten as following:

« Fi(—logZ; . FE'"llog M,
(1= kL) (1= aD)logP = (1-a) (1~ af)x" ot 4 (1= o) (L~ af) X' ooty
- ((ll_aOgE(i_lgﬁz)Et‘l ((x* = 1)log P, + klog P—1)
_ . (=log Z;) . Bt~ log M,
= (I-o)(1-af)x 1_7%+(1—0<)(1—045)X N
_Uzod—af) E7Y((x* —1)log Py + klog Pr_1)

(1—aBE—1BY)

(I-o)(1—ap)
(1—aBE—1B1)

= X (—log Z;) + X E*"log M, — E7Y((x* —1)log P, + klog Pi_1)

54
[ (1—kL)(1—aL)(1—aBE"'B7Y) ]
+(1—a)(1—af)xy B! logP, = X' [E'"'logM, —logZ] (1—aBE""'B™")
- —ap B (kL)
i _ _ _ t—1p—1) ] )
(1—kL)(1—aL) (1 afE""1B ) / g Zs 4 abplos Zus
+(1-a)(l-af)x"E log P X t—1 1
—~(1-a)(1—aB)E"t(1—kL) | +E log My — afp E* " log My
~ _ [ — _ dzi_ 1) ]
(1—kL)(1—aL) (1 —aBE~1B1) 2t +045P1Zt2 1d+ py (dze—1 +&¢-1)
+(1—a)1—ap)x E! log P, X' = —obpi (dz11 tei)
-l-a)(l—-apf)E~ (1 —-kL -
L B) B! i L—p L
[ (1—kL)(1—aL)(1—aBE"'B71) ] - -
1—p,L ( + )1(— a 1>_( of Xﬁ*Et—l ) logP, = Y —zt +aBpyzi-1+py (dze—1 +e0-1)
' —afp? (dzi—1 +&1-1)
- 1-a)(1—ap) Bt (1-kL) ] L 1a%t—1 t—1 |

Therefore, the equation used to determined the unknown coefficients in log P, = ¥;—omip,_; + 2Xi=0€,; 2t—i
is defined as:
log P, — p;log P._1 —af (Et~1log P,uq — p; E 2 1og P,
g Ly — pplog 1 ﬂ( g Li+1 — P1 g t) _ [ —zt +afprzi—1 + py (dze—1 +€4-1)

+B (log Pi_1 — pylog Pi_5) + ak (log Pi_o — p; log Pi_3) +
(log P;—1 — py log P _2) (log P;—2 — py log P;_3) —afpt (dz—1 +&4-1)

A (E't_1 log P, — p; E'~21og Pt—l)

given A =[af(a+k)+(1—a)(l—af)(x* —1)] and B= —(a+k— (1 —af —«a)k). Collect the terms
and equalise the RHS and LHS, assuming that k = 1:
(2t)

§o=—X (84)

(2t-1)
G (1+A)+& (B —py+abp +p (1—abp)) —aBé, =0 (85)

(2t-2)
S+ A+aBp)+& (B—p(1+A)+& (ak—pB) —affs =0 (86)
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(2z4—i, 12 3)
[57: (14+A)—aB,, + B 1 + 04]‘157:—2] (1-pL)=0 (87)

For this specific set of calibrated coefficients given in Canzoneri’s original paper, this later equation is
a fourth order difference equation, consisting of that first bracket- a third order difference equation — and
the 2nd bracket — first order difference equation, that gives a stable root of 0.93. To solve the 3rd order
difference equation, we consider its characteristic equation:

A3 —3.9230% +3.031 — 1.015 =0

There are two stable roots A1 2 = 0.44 £ 0.37¢ and one unstable A3 = 3.03. The equation (87) can be
rewritten as

(1—(0.44+0.37i) L) (1 — (0.44 — 0.37i) L) (1 — p,L) = 0

1—1.18L +1.16L%2 —0.31L3 =0
and thus,
&5 = 1.826, — 1.164&, + 0.312¢, (88)

To solve for unknown coefficients, we use equations (84), (85), (86) and (88) that are now defined in term
of calibrated coefficients:

& = —1.547

£, = 0.75& + 0.254¢,

€, = 1.4& —0.79¢, + 0.21&,
&, = 1.8¢, —1.16¢, + 0.31¢,.

Thus, the solutions are £, = —1.547,&; = —1.325 and etc. This result ensures that 1), is positive, thus it
proves that welfare under lagged indexation is smaller than that under rational indexation. The robustness
test to the later conclusion can performed using different values of parameters d, o, x, v and p; (Table 2) :

Equations (70) and (51) give

- (2520 (23] o

Under rational expectations:

log P, = B log P; + log PV¥

_ l1—« 1+
SicoTifly_; + Yim0&;2e—i = E* Yog P, + (1-a) (1 aﬁi > (1 ?f) (—2zt),
_ ) —

therefore

T = 0
B 1—ap 1+x
§o = _(1_a)(l—aﬂp1> (1—y)
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From equation (51)

and equation (68)

we get

d « v X P1 o &1
1 0.67 0.25 3 0.93 —-1.5467 —1.325
1 0.73 0.25 3 0.93 —-1.2178 —1.2083
1 0.67 0.3 3 0.93 —1.6572 —1.3858
1 0.67 0.25 4 0.93 —1.9334 —1.5286
1 0.67 0.25 3 1 -1.7600 -1.5617
0.446 0.67 0.25 3 0.93 —1.5467 —1.5458
1 0.01 0.25 3 0.93 —5.276  —0.0293
1 0.67 0.2 3 0.93 —1.45 —1.269
1 0.67 025 1.41 093 -0.9319 —-0.9312
1 0.67 0.25 3 0 —-0.5926  —0.5282
0.8 0.7 0.25 3 0.93  -1.3817 -1.3476
0.8 0.7 0.28 3 0.93  -1.4392 -1.3854
0.8 0.7 0.28 4 0.93 —1.7991 —1.6046
0.8 0.7 0.28 4 0.80 —1.4353 —1.2243
0.7 0.5 0.24 2 0.5 —1.3245 —0.8333
0.8 0.6 027 1.6 0.6 —0.8987 —0.7359
0.7 0.6 0.3 3.6 0.8 —2.0335 —1.3928

Table 2: Robust test results
log PV = (1 — a)log P;VE
B log P Vi_1 — QUs_g — alog PtU_]f
l-«o
B log P = Vi1 —avy_g — a (1 —a)log PFUF

l—«

Under the rational expectation and equation (34), the new reset price is

log P} =

E'"llog P} +log PVF =

Vt—1 — QU2

l1—«

Vt—1 — QU2

l—«

Vt—1 — QU2

—alog PrYE 4 log PFUF

) (722) a0

_a(

X

1—ap

/

1 —afBp,
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